INVARIANT MEASURES FOR THE DEFOCUSING NLS 



N. TZVETKOV 



Abstract. We prove the existence and the invariance of a Gibbs measure associated to 
the defocusing sub-quintic Nonlinear Schrodinger equations on the disc of the plane R^. 
We also prove an estimate giving some intuition to what may happen in 3 dimensions. 

Resume. On demontre I'existence et I'invariance d'une mesure de Gibbs par le flot 
de I'equation de Schrodinger non lineaire posee sur le disque du plan R^. On demontre 
egalement une estimee qui donne une idee de ce qui pourrait arriver en dimension 3. 
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1. Introduction 

In [12] , we constructed and proved the invariance of a Gibbs measure associated to the 
sub-cubic, focusing or defocusing Nonlinear Schrodinger equation (NLS) on the disc of 
the plane M?. For focusing non- linear interactions the cubic threshold is critical for the 
argument in [12j because of measure existence obstructions. The main goal of this paper 
is to show that, in the case of defocusing nonlinearities, one can extend the result of [12] 
to the case of sub-quintic nonlinearities. Thus we will be able to treat the relevant for 
the Physics case of cubic defocusing NLS. The argument presented here requires some 
significant elaborations with respect to [12] both in the measure existence analysis and 
the Cauchy problem issues. The main facts, proved in [12_] which will be used here without 
proof are some properties of the Bessel functions and their zeros and the bilinear Strichartz 
estimates of Proposition 14.11 and Proposition 14.21 below. 

1.1. Presentation of the equation. Let V : C — > M be a C°°{C) function. We suppose 
that V is gauge invariant which means that there exists a smooth function G : M — > M 
such that V{z) = G{\z\'^). Set F = dV, i.e. F{z) = G'{\z\^)z. Consider the NLS 

(1.1) {idt + A)u - F{u) = 0, 

where u:IRx0— >Cisa complex valued function defined on the product of the real 
line (corresponding to the time variable) and O, the unit disc of M? corresponding to the 
spatial variable. More precisely 

= ((xi, X2) G : xl + xl<l). 

In this paper, we consider (jl.ip subject to Dirichlet boundary conditions n|iRx9e = 0. It is 
likely that Neumann boundary conditions are in the scope of applicability of our methods 
too. 
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We suppose that 

(1.2) 3aG]0,4[: V(A;i,A;2), 3C>0 : VzgC, \d''^d^W{z)\ < C7(l + . 

The number a involved in (II. 2p measures the "degree" of the nonhnearity. In this paper 
we win also suppose the defocusing assumption 

(1.3) 3 C > 0, 3 /? G [2,4[ : Vz G C, V{z) > -C(l + \z\f . 
A typical example for V is 

a + 2 

with corresponding 

F{z) = (1 + kP)^2. 

In the case a = 2 one can take V{z) = ^\z\'^ which leads to a cubic defocusing nonlinearity 
F{u) = |npii. Observe that V{z) = —^\z\^, which is the potential of the cubic focusing 
nonlinearity F{u) = —\u\'^u, does not satisfy assumption (jl.3p . 

We restrict our consideration only to radial solutions, i.e. we shall suppose that u = 
u{t,r), where 

xi=rcos(/>, X2 = rsm(j), < r < 1, (p £ [0,2tt]. 

Our goal here is to construct a Gibbs type measure, on a suitable phase space, associated 
to the radial solutions of (jl.ip which is invariant under the (well-defined) global flow of 

m- 

1.2. Bessel expansion and formal Hamiltonian form. Since we deal with radial 
solutions of (jl.ip . it is natural to use Bessel function expansions. Denote by Joix) the 
zero order Bessel function. We have that (see [12j and the references therein) Jo(0) = 1 
and J{x) decays as when x — > oo. More precisely 

Mx) = \f^ ^°^("-"/'^ 0(x-3/^). 
V vr ^/x 

Let < zi < Z2 < ■ • • be the (simple) zeroes of Jo{x). Then (see e.g. [12]) z„ ~ n as 
n — > oo. Each radial function may be expanded with respect to the Dirichlet bases 
formed by Jo{znr), n = 1, 2, 3, • • • . The functions Jo{znr) are eigenfunctions of —A with 
eigenvalues z^. Define e„ : — > M by 

Cn = e„(r) = \\Jo{zn-)\\l2(^Q^Joiznr) ■ 

We have (see [12J) that || Jo(2;n')llL2(e) ~ n'^^^'^ as n —>■ oo. Therefore Henll^a^Q) = 1 but 
1 1 en 1 1 LOO (e) ~ n^/^ as n ^ oo. Hence we observe a significant difference between the disc 
and the flat torus T^, where the sup norm of the eigenfunctions can not grow so fast. 
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Let us fix from now on a real number s such that 
(1.4) "^^^(il-^'l-|)<^<^ 

(recall that a,f3 < A and thus a proper choice of the index s is indeed possible). Set 
en,s = ^n'^^n (H^ normalization) and if 



(t) = y^Cn(t)en, 



u 

n=l 

then we need to analyze the equation 

oo 

(1.5) iz-'Cnit) - zlz-'Cn{t) -nn(^F(^Y,^rn{t)e„,,s)) =0, n=l,2,--- 

m=l 

where is the projection on the mode e„, i.e. n„(/) = {f,en)- Equation (jl.5p is a 
Hamiltonian PDE for c = (c„)„>i with Hamiltonian 

oo ^1 oo 

n=l n=l 

and a formal Hamiltonian form 

JH ._ SH 

ict = J — , ict = -J—, 
dc oc 

where J = diag(z^^)„>i is the map inducing the symplectic form in the coordinates (c, c). 
Thus the quantity H{c,c) is, at least formally, conserved by the flow. In fact we will need 
to use the energy conservation only for finite dimensional (Hamiltonian) approximations 
of (jl.5p . Let us also observe that the norm of u{t) expressed in terms of c as 



oo 

|C|| = \Cn 
n=l 



is also conserved by the flow. Following Lebowitz-Rose-Speer [9], we will construct a 
renormalization of the formal measure x(l|c||) exp(— ff(c, c))(ic(ic {x being a cut-off) 
which is invariant under the (well-defined) flow, living on a low regularity phase space 
(for a finite dimensional Hamiltonian model the invariance would follow from the Liouville 
theorem for volume preservation by flows induced by divergence free vector fields). 

1.3. The free measure. Define the Sobolev spaces H'^^^{@), a > equipped with the 
norm 



oo 2 



n=l '■'"^^ ' n=l 



Ic P 
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The Sobolev spaces H"^^{<c)) are related to the domains of a/2 powers of the Dhichlet 
Laplacian. In several places in the sequel, we shall denote || • Wh^ ^(e) simply by || • ||j|/<T(e). 
We can identify /^(N; C) with H^^^{@) via the map 



n=l 

Consider the free Hamiltonian 

oo 

Ho{c,c) = Y,4~''\Cn\'' 
n=l 

and the measure 

"exp(-Fo(c,c))dc(ic" _ -j^ e""^" ^""^^^ dcndcn _ , ^ x 
JeM-Ho{c,c))dcd-c "H/ce-^"l'="Pdc„dc-„ ^ ^^'^ ' 

Denote by B the Borel sigma algebra of H^^^{Q). The measure d/i is first defined on 
cylindrical sets (see [12]) in the natural way and since for s < 1/2, 

oo 
n=l 

we obtain that dfi is countably additive on the cylindrical sets and thus may be defined as 
a probability measure on {H^^^{Q),B) via the map considered above. Let us recall that 
A C H^^^{Q) is called cylindrical if there exist an integer N and a Borel set of V of 
so that 

A = e H'^adi&) ■■ {{u, ei,s), {u, eN,s)) 
In addition, the minimal sigma algebra on H^,^^{Q) containing the cylindrical sets is B. 

The measure dfi may also equivalently be defined as the distribution of the H^^^{Q) 
valued random variable 

n=l ^" n=l 

where gn{<^) is a sequence of centered, normalised, independent identically distributed 
(i.i.d.) complex Gaussian random variables, defined in a probability space {^,J-,p). By 
normalised, we mean that 
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where hn,ln G AA(0, 1) are standard independent real gaussian variables. Indeed, if we 
consider the sequence {ipN{u),r))Nef>i defined by 

(1.6) ^^(^,,) = ^M^e„(r) 

n=l ^" 

then using that s < 1/2 we obtain that (93jv(u;, r))^^^^ is a Cauchy sequence in L'^{Q; ^radi®)) 
and (p{uj, r) is, by definition, the limit of this sequence. Thus the map which to u; G 17 
associates if{uj,r) is measurable from to {H^^^{@),13). Therefore ip{u;,r) may be 

seen as a H^,^^{Q) valued random variable and for every Borel set A G B, 

=p{lo : ip{LO,r) E A). 

Moreover, if / : H^^^{Q) ^ M is a measurable function then / is integrable if and only if 
the real random variable f o ip : O ^ M is integrable and 

/ f{u)dn{u) = / f{ip{uj, ■))dp{uj) . 

1.4. Measure existence. Following the basic idea one may expect that the measure 
(Gibbs measure) 

(1.7) dp{u) = x(lkllL2(e)) V{u)^dfi{u) 

is invariant under the flow of (jl.lj) . In ()1.7p . 

X:K^ [0,cx)[ 

is a non-negative continuous function with compact support. In (jl.Zp . exp ( — /0 V{u)) is 
the contribution of the nonlinearity of (jl.ip to the Hamiltonian, while the free Hamiltonian 
(coming from the linear part of (jl.ip ) is incorporated in dfi{u). One may wish to see dp{u) 
as the image measure on H^^^{Q) under the map 

OO , s 

e„(r) 

n=l 

of the measure 

x{\W{^r)\\L^[e)) exp ( - 27r^ V{ip(uj,r))rdr^dp{uj) . 

A first problem (in order to ensure that p is not trivial) is whether Jq V^u) is finite p 
almost surely (a.s.). Let us notice that an appeal to the (jl.2p and the Sobolev inequality 
gives 

(1-8) I / Viu)\ < C{1 + \\u\\lt\^^) < C{1 + hllSjl(0))' 
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provided o" > 2(^ — = 2Ta- a > 2 (a case excluded in [IS]), inequality (jl.Sp does 
not suffice to conclude that Jq V{u) is finite /i a.s. Indeed, for a > 2 one has cr > ^ and, 
using for instance the Fernique integrability theorem, one may show that ||ii|| (s) = 00, 
/i a.s. We can however resolve this problem by using a probabilistic argument (which 
"improves" on the Sobolev inequality). Let us also mention the recent work [2], where 
one studies properties of Gaussian random series with a particular attention to radial 
functions. Here is a precise statement. 

Theorem 1. We have that /q ^(ti) G L^{dfi{u)) (in particular JqV{u) is fi a.s. finite). 

Essentially, the assertion of Theorem [1] follows from the considerations in [2J . We will 
however give below a proof of Theorem [1] using an argument slightly different from [2]. 

1.5. Finite dimensional approximations. Let En be the finite dimensional complex 
vector space spanned by {en)n=i- We consider En as a measured space with the measure 
induced by C" under the map from to En defined by 

N 

(Cl,--- ,Cn) I > Cnen,s ■ 

n=l 

Following Zhidkov (cf. [T3] and the references therein), we consider the finite dimensional 
projection (an ODE) of (jl.ip 

(L9) {idt + A)u - Sn{F{u)) = 0, u\t=oeEN, 

where Sn is the projection on En- Notice that Sn{F{u)) is well-defined for u £ En since 
En C C°°{Q). The equation (jl.9p is a Hamiltonian ODE for u G En with Hamiltonian 

Hn{u,u)= / |Vup+ / V{u), u£En. 
Je Je 

Thus Hn{u, u) is conserved by the flow of (jl.9p . One may directly check this by multiplying 
(jl.Op with ut S En and integrating over B (observe that the boundary terms in the 
integration by parts disappear). Multiplying (jl.9p by u and integrating over G, we see 
that the L'^{e) norm is also preserved by the flow of (II. 9p and thus (II. 9p has a well-deflned 
global dynamics. Denote by <I>Ar(t) : En En, t £ M. the flow of (jl.9p . Let fiN be the 
distribution of the En valued random variable (pN{^^,r) deflned by (II. 6p . Set 

dpNiu) = x{\\u\\L2(e))exp{- / V{u))dfiNiu). 

Je 

One may see pN as the image measure on En under the map to >— > </'Ar(a;, r) of the measure 
x{\\(Pn{uj, ■)\\L^e)) exp ( " ^vr^ V{ipN{uJ,r))rdr^dp{uj) . 
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From the Liouville theorem for divergence free vector fields, the measure piv is invariant 
under <^Af(i)- Indeed, if we write the solution of (jl-Oh as 

N 

u{t) = ^ Cn{t)en,s , Cn{t) G C 
n=l 

then in the coordinates Cn, the equation ()1.9I) can be written as 

(1.10) iz-'cnit) - zl z~'cn{t) - [ S N {F iu{t)))e;^ = 0, 1 < n < iV. 

Je 

Equation (jl.lOp in turn can be written in a Hamiltonian format as follows 
dtCn = -iZn^, dto^ = izl"^, 1 <n< N, 

with 

H{c,c) = ^zl'^''\cn\^ + 2tt I Vi^^Cnen,s{'r-)ydr , c = (ci, • • • , cat). 

n=l n=l 

Since 

n=l 

we can apply the Liouville theorem for divergence free vector fields to conclude that the 
measure dcdc is invariant under the flow of (jl.lOp . On the other hand the quantities 
H{c,c) and 

N 

II l|2 = \ ^ -2s| |2 
n=l 

are conserved under the flow of (jl.lOp . Moreover, by definition if A is a Borel set of E]\f 
defined by 

N 

A ' 

n=l 

where Ai is a Borel set of C^, then 



|u G E'at : n = ^c„e„,s, (ci, • • • ,CAr) G Aij, 



Pn{A) = KN I e-^(^'^)x(l|c||)dcdc, 

with 



l<n<Af 



Therefore the measure pat is invariant under $Ar(t), thanks to the invariance of dcdc and 
the $Ar(i) conservations of of H{c,c) and x(l|c||)- Let us also observe that if we write 
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(jl.lOp in terms of (Re(c„), Im(c„)) then we still obtain a Hamiltonian ODE and one may 
show the invariance of pA? under (II. 9p by analyzing that ODE. 

One may extend pN to a measure pN on H^^^{Q). If [/ is a p measurable set then 
Pn{U) = Pn{U n -Eat), a similar definition may be given for //jy- The measure pi^ is 
well-defined since for U £ B one has that U H Ef^f is a Borel set of E^. Indeed, this 
property is clear for U a cylindrical set and then we extend it to B by the key property of 
the cylindrical sets. Observe that for U, a p measurable set, one has 

Pn{U)= [ x(l|5^HllL2(e))exp(- / ViSr,iu)))df,{u), 
JUn 

where 

U^ = [u&H'^^^{Q) : Sn{u)&U]. 

The following properties relating p and pN will be useful in our analysis concerning the 
long time dynamics of (jl.ip . 

Theorem 2. One has that for every p G [1, oo[, 

X(||^x||^2(e))exp(- / Viu)) G LP{dpiu)). 
Je 

In addition, if we fix a ^ [s, l/2[ then for every U an open set of H^^^{Q) one has 

(1.11) p(C/) < liminfpAr(C/) (= liminf pAr(f/ n E^at)) . 

N^oo N^oD 

Moreover if F is a closed set of H'^^^{Q) then 

(1.12) p{F) > limsuppAr(F) {=\\m.sviY> pn{F f\ En)). 

The proof of Theorem [2] is slightly more delicate than an analogous result used in [T2] . 
In contrast with [T2] we can not exploit that JqV^Snu) converges /i a.s. to f^Viu). 
In fT2] we deal with sub-quartic growth of V and by the Sobolev embedding we can get 
directly the needed p a.s. convergence. Here we will need to use a different argument. 

1.6. Statement of the main result. With Theorem [1] and Theorem [2] in hand we can 
prove our main result. 

Theorem 3. The measure p is invariant under the well-defined p a.s. global in time flow 
of the NLS posed on the disc. More precisely : 

• There exists a p measurable set S of full p measure such that for every G S the 
NLS M.l\l . posed on the disc, with initial data data u\t=Q = uq has a unique (in a 
suitable sense) global in time solution u £ C(W; H^^^{Q)). In addition, for every 
t G M, u{t) G S and the map uq i-^ u{t) is p measurable. 
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• For every A C Ti, a p measurable set, for every t € M, p{A) = p{^{t){A)), where 
^{t) denotes the flow defined in the previous point. 

The uniqueness statement of Theorem [3] is in the sense of a uniqueness for the inte- 
gral equation (j6.ip in a suitable space continuously embedded in the space of continuous 
-^rad(®) valued functions. Another possibility is to impose zero boundary conditions on 
M X dQ and then relate the solutions of (jl.ip to the solutions of (j6.ip (see also Remark 16.11 
below). 

As a consequence of Theorem [3] one may apply the Poincare recurrence theorem to the 
flow For previous works proving the invariance of Gibbs measures under the flow of 
NLS we refer to [SlUllS]. In all these works one considers periodic boundary conditions, 
i.e. the spatial domain is the flat torus. We also refer to [10], for a construction of invariant 
measures, supported by H^, for the defocusing NLS. 

Let us also remark that the result of Theorem [3] implies that the sub-quintic defocusing 
NLS is almost surely globally well-posed for data ip{Lo,r) defined by 

V9((j,r) = ^ — e„(r) . 

n=l 

Because of the low regularity of ip for typical w's such a result seems to be difficult to 
achieve by the present deterministic methods for global well-posedness of NLS. 

1.7. Structure of the paper and notation. Let us briefly describe the organization 
of the rest of the paper. In the next section, we prove Theorem [TJ Section 3, is devoted 
to the proof of Theorem [2j In Section 4, we recall the definition of the Bourgain spaces 
and we state two bilinear Strichartz estimates which are the main tool in the study of 
the local Cauchy problem. In Section 5, we prove nonlinear estimates in Bourgain spaces. 
Section 6 is devoted to the local well-posedness analysis. In Section 7, we establish the 
crucial control on the dynamics of (jl.Op . In section 8, we construct the set S involved in 
the statement of Theorem [3l In Section 9, we prove the invariance of the measure. In the 
last section, we prove several bounds for the 3d NLS with random data. 

In this paper, we assume that the set of the natural numbers N is {1, 2, 3, • • • }. We call 
dyadic integers the non-negative powers of 2, i.e. 1,2,4,8 etc. 

1.8. Acknowledgements. I am very grateful to Nicolas Burq for several useful discus- 
sions on the problem and for pointing out an error in a previous version of this text. It is 
a pleasure to thank A. Ayache and H. Queffelec for useful discussions on random series. 
I am also indebted to N. Burq and P. Gerard since this work (as well as [12] ) benefited 
from our collaborations on NLS on compact manifolds. I thank the referee for pointing 
out several imprecisions in a previous version of the paper. 
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2. Proof of Theorem [T] (measure existence) 
2.1. Large deviation estimates. 

Lemma 2.1. Let {gn{^))ne'N be a sequence of normalized i.i.d. complex Gaussian random 
variables defined in a probability space {Q,J^,p). There exists /3 > such that for every 
A > 0, every sequence (c„) € /^(N;C) of complex numbers, 

'■ I y^Cngn(^)| > A) < 4e S 

n=l 



f'i/ie rii^/it hand-side being defined as zero i/ (cn)nGN is identically zero). 

Proof. By separating the real and the imaginary parts, we can assume that gn are real 
valued independent standard gaussians and c„ are real constants. The bound we need to 
prove is thus 

(2.1) 3/3 > : V(c„) G /2(N;M), VA > 0, cj : | c„g„(a;)| > AJ < 2 e S„4 _ 

n=l 

We may of course assume that the sequence {cn)neN is not identically zero. For t > to 
be determined later, using the independence, we obtain that 

„ oo oo 

/ exp (^t ^ Cngn{uj)^dp{uj) = exp (^it'^/2) ^ cl 

•^^ n=l n=l 



Therefore 



and thus 



oo oo 

exp ^ cl^ > exp(tA) p (uj : c„5r„(u;) > 

n=l n=l 



oo 

-tx 



p{uj : ^c„g„(cj) > A) < exp (^{t^ /2)Y,cl) e 

n=l n=l 

For a > 0, 6 > the minimum of f{t) = at^ — bt is —h'^/Aa and this minimum is attained 
in the positive number t = b/{2a). It is thus natural to choose the positive number t as 

oo 
n=l 

which leads to 



p (w : ^ Cn5n(w) > A) < exp ( - — ^-j • 

n=l ^Z^nC„^ 
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In the same way (replacing c„ by — c„), we can show that 

p : ^ c„5r„(w) < -A) < exp ( - — 2 

n=l ^Z^nCn 

which shows that (j2.ip holds with /? = 1/2. This completes the proof of Lemma |2.1[ □ 
We next state the following consequence of Lemma |2.1[ 

Lemma 2.2. Let {gn{'-^))n(^n be a sequence of normalized i.i.d. complex Gaussian random 
variables defined in a probability space {Q,T,p). Then there exist positive numbers ci,C2 
such that for every non empty finite set of indexes A C N, every A > 0, 



p(L<j G 17 : ^ \gn{i^)? > Aj < 

neA 



ci|A|— C2A 



where |A| denotes the cardinality of K. 

Proof. A proof of this lemma is given in |12l Lemma 3.4]. Here we propose a different 
proof based on Lemma 12.11 The interest of this proof is that the argument might be 
useful in more general situations. Again, we can suppose that Qn are real valued standard 
gaussians. A simple geometric observation shows that there exists ci > (independent of 
|A|) and a set A of the unit ball of M'^' of cardinality bounded by e"^^'^' such that almost 
surely in uj, 



^ ( X] \9n{^)f) ' < sup I ^ Cngn{^)\ 
neA ^^■^ neA 

(c = (c„)„eA with Yjn |cnP = !)• Therefore 



{UJ : |5n(^)P > A} C [jW ■■ \ Y1 (^n9n{uj)\ > ^} . 

neA ceA neA 

Consequently, using Lemma 12.11 we obtain that there exists C2 > 0, independent of A, 
such that for every A > 0, 

p{lj : ^|(7„(c^)|2>A)< |^|4e-"2A<4gCi|A|-c2A^g(ci+2)|A|-c2A^ 

neA 

This completes the proof of Lemma 12.21 □ 

2.2. Proof of Theorem [H Theorem [1] follows from the following statement. 
Lemma 2.3. The sequence f^V^SNiu)) converges to JqV{u) inL^{d^). 
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Proof. Let us first show that {fQV{SN{u)))NeN is a Cauchy sequence in L^{diJ.). From 
the Sobolev embedding, we have that for a fixed the map from H^^^{Q) to M defined 
by li 1-^ Jq V{Sn{u)) is continuous and thus measurable. Write, for N < M, using (jl.2p 



e 



V{SNiu)) - I ViSMiu)) 
< C 



e 



e 



\SNiu) - SM{u)\il + \Sn{uT+' + \SMiuT+') 

Using the Holder inequality, we get 

\SN{n) - SMium + \SN{ur+' + \SM{nT+') 

< \\SN{n) - SM{n)h^+^e){C +\\SN{n)\\ltl2^^^ + ||5A/(n)||2^^,(e))- 
Another use of the Holder inequality, this time with respect to gives 

V{Sn{u)) - I'^V{Sm{u)) ^^^^^^^^^ < C||I|5'a^(^^) - 'S'Af(^^)||L-+2(e)|L<.+2(rf^(„)) 



e 



e 



X (1 + l|ll'57v(n)||L.+2(e)||°;;^+2(^^(„)) + \\\\SMiu)\\L^+2^e)\\lZi2^a^,(u)) 



a+l 



Thus 



(2.2) / V{Sn{u)) - [ V{Sm{u)) 
Je Je 



, < C\\ipN - ^M\\L'^+2(0xn) 
L'-(dii[u)) 

where v^at is defined by (jl.6p . Let us now prove that there exists C > such that for every 
(2-3) ll95Af||L"+2(nx0) < C. 

Using Lemma l2.ll with c„ = z^^e„(r'), 1 < n < and the definition of the L""^^ norms 
by the aide of the distributional function, we obtain that for a fixed r 



< C / A"+iexp(-(/3A2)/(^z-2|e„C 

■^0 ^ n=l 

= C{ X-^'e-^''dX){Y,z-'Kir)\') 

■^0 n=l 



dX 



a + 2 
2 
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Therefore 

N 
n=l 

Squaring, taking the L~2~(0) norm and using the triangle inequality, we get 

N 

11 V ^ 2 1 1 1 1 2 

II^A^IlL"+2(nxe) - Z^^n l|6n|lLa+2(e) • 
n=l 

On the other hand, it is shown in that for a < 2 one has that ||e„| 1^,0+2 (9) is uniformly 
bounded (with respect to n), for a = 2, ||en||^ti+2(0') < Clog(l + Zn)^^^ and for a > 2, 
||en||i;,c<+2(0) < Czn^"^ 2/{a+2) ^ Since Zn ~ n, we obtain that there exists C such that for 
every G N, ||<^Ar ||L<:<+2(Qxe) ^ C*. Therefore (|2.3p holds. 

Similarly, we may obtain that 

M 

, 11 1 1 2 ^ ^ 2 1 1 1 1 2 

(2-4) IIVAT - ¥'M||z,c+2(Qxe) ^ lFn|lLa+2(0) 

n=N+l 

which tends to zero as A'" ^ 00 thanks to the bounds on the growth of ||e„||^a+2(Q). 
Moreover, we have that 

(2.5) lim (pN = (p in L"+2(e x Q) 

Af— ►oo 

(we can identify the limit thanks to the L^{Q x 17) convergence of (pN to ip and the fact 
that L"+'^(B X Q) convergence implies L^(G x Q) convergence). 

On the other hand thanks to (|1.3p . we can write V{u) = Vi(n) + V2{u), where Fi > 
and |V2(ti))| < C(l + \u\^)- Thanks to the Sobolev embedding and (II. 4|) . we obtain that 
JqV2{u) is continuous on H^,^^{Q). Therefore the map u JqV2{u) is a ^ measurable 
real valued function. Let us next show that the map u Jq Vi{u) is measurable. For 
that purpose, it is sufficient to show that the map 

(2.6) C = {Cn)neN ' — ' / ^1 ( X] c„en,, 

nGN 

is measurable from P{N) to M. Indeed, we have that the map 

(c,r) I — > ^Cne„,s(7') 

nGN 

is measurable from from /^(N) x to M since we can see X^neN limit of 
X^^^j^ Cne„_s(r) as ^ oo in L^(/^(N) x O) where /^(N) is equipped with the measure 
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dfi{c) introduced in the introduction. Therefore Vi Ylnm (^n^n,sj is a measurable map 

from X e to M. Since Vi > 0, using for instance the Fubini theorem, we obtain that 

the map (j2.6p is indeed measurable. This in turn implies the measurability of the map 
u ^ Jq V{u). Next, similarly to the proof of (j2.2p . we get 



V{SNiu))- / V{u) < C\\ip - (pN\\L''+2(exn) 



Li((iAt(«)) 

I ^ I II, „ I ll,,,l|Cf+l 1 



Therefore 



lim 



ViSNiu)) - / V{u) 
e Je 



This completes the proof of Lemma 12.31 □ 

Using Lemma 12.31 we have that Jq G L^{d^{u)) and thus JqV{u) is finite ^ 

a.s. This proves that dp is indeed a nontrivial measure. This completes the proof of 
Theorem [TJ □ 

2.3. The necessity of the probabilistic argument. In this section we make a slight 
digression by showing that for a > 2 an argument based only on the Sobolev embedding 
may not conclude to the fact that Jq V{u) is finite p a.s. More precisely we know that for 
every a < 1/2, ||n||/^<T(e) is finite p a.s. Therefore the deterministic inequality 

(2.7) 3a < 1/2, 3 C> 0, V G H^adi&), Ml'^+Hb) < ^^11^-^,(0) 

would suffice to conclude that Jq V{u) is finite fi a.s. We have however the following 
statement. 

Lemma 2.4. For a > 2, estimate 1^2. 7\ ) fails. 

Proof. We shall give the proof for a = 2. The construction for a > 2 is similar. Suppose 
that (12. 7p holds for some a < 1/2. Using the Cauchy-Schwarz inequality, we obtain that 
there exists 9 g]0, 1/2] such that 



3O0 : yueH^^aie), \\u\\H^(^e)<C\\u\\t,,^.\\u 



1+^ II l|3-^ 



(observe that H^ad^^) may be seen as the completion of Cq°(0) radial functions with 
respect to the H^{Q) norm). Thus by applying (j2.7p to H^adi®) functions, we obtain that 



(2.8) 3O0 -.yue H^adi®), Ml^s) < cMlt'^^Mil^l^^ 
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We now show that ()2.8p fails. Let v G C^{Q) be a radial bump function, not identically 
zero. We can naturally see f as a Cq°(M^) function. For A > 1, we set 

v\{xi,X2) = v{Xxi,Xx2) . 

Thus vx G C^(G) and vx is still radial. We can therefore substitute vx in (j2.8p and obtain 
a contradiction in the limit A — > oo. More precisely, one may directly check that for A ^ 1, 

II^A||L4(e) ~ A^2, ||'t;A||L2(e) ~ A~\ ||i;A||//i(e) ~ 1- 
This completes the proof of Lemma 12.41 □ 

3. Proof of Theorem [2] (integrability and convergence properties) 

3.1. Convergence in measure. Let us define the ^ measurable functions / and /at by 

f{u) = x(ll^^llL2{e)) ( ~ ^ ^(^)) 

and 

fNiu) = x(l|5'Ar(n)||i2(e)) exp - ^ V{SNiu))^ . 
We start by the following convergence property. 

Lemma 3.1. The sequence {fNiu))NeN converges in measure as N tends to infinity, with 
respect to the measure fi, to f{u). 

Proof. Since x ^■^d the exponential are continuous functions, it suffices to show that the 
sequence ||S'Artt||£,2(e) converges in measure as tends to infinity, with respect to the 
measure to ||n||2,2(Q) and that the sequence jQV{S]\f{u)) converges in measure as N 
tends to infinity, with respect to the measure /i, to JqV{u). Thanks to the Chebishev 
inequality, it therefore suffices to prove that ||S'Arn||/,2(0) converges in L?'{d^{u)) to ||tt||L2(0) 
and that Jq V{Sn{u)) converges in L^{d^{u)) to /q V{u). The first assertion is trivial and 
the second one follows from Lemma 12.31 This completes the proof of Lemma 13.11 □ 

3.2. A gaussian estimate. We now state a property of the measure ^ resulting from its 
gaussian nature. 

Lemma 3.2. Let a S [s, l/2[. There exist C > and c > such that for every integers 
M > N >0 (with the convention that Sq = 0), every real number A > 1, 

^(^ e H^,,{e) : \\Sm{u) - > a) < Ce"^^Hi+Nf^'-) 
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Proof. We follow the argument given in [12, Proposition 3.3]. It suffices to prove that 
p{An,m) < Cexp(-cA2(l + iV)2(i-'^)), where 

Let > be such that 29 < 1 — 2a. Notice that a proper choice of 9 is possible thanks 
to the assumption a < 1/2. For < A''i < A^2 two integers and k > 0, we consider the set 
AnuN2,k, defined by 

Let Li, L2 be two dyadic integers such that 

Li/2 < 1 + iV < Li, L2 < Af < 2L2. 

We will only analyse the case Li < L2/2. li Li > L2/2 then the analysis is simpler. 
Indeed, if Li > L2/2 then Li > L2 which implies 

Li/2 < 1 + iV < 1 + Af < 1 + 2L2 < 4Li 

and the analysis of the case Li < L2/2 below (see (|3.3p . (|3.4p ) can be performed to this 
case by writing 

(without the summation issue). We thus assume that Li < L2/2. Write 

<fM-VN = {<fLi-<fN) + (^ ^ iV2L - fl)^ + i^M - VLi)- 

Li<L<L2/2 
L— dyadic 

Using the triangle inequality and summing-up geometric series, we obtain that there exists 
a sufficiently small k > depending on a but independent of A, and M such that 

(3.1) An,M C AN,Lu^[j { U AL,2L,K)[jA 

L2,M,K ■ 

Li<L<L2/2 
//—dyadic 

Since Zn ~ n, for oj € Al,2L,k., 

2L 

\9n{io)? > cX'L'-"^{L-'' + (L-i(l + N)f-''^). 

n=L+l 

Therefore using Lemma 12.21 and that 2 — 2o" — 20 > 1 , we obtain that for A > 1 , 

(3.2) p{Al 2L «) < e^i^-^2^'(^'"'"""'+(i+^)'~'") < e-^>^'Hi+Nf'^- ^-cX^L^'^-^' ^ 
where the constant c > is independent of L, N, M and A. Similarly 

(3.3) P(^7V,L„.) < e-A^{i+^)--e-cA^L?---- < ^-cA^(i+;v)-- 
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and 

(3.4) p{Al,,m,^) < e— -e-cA^i^^ e 



Collecting estimates (|3.2|) . (|3.3p . (|3.4|) . coming back to (j3.1|) and summing an obviously 
convergent series in L completes the proof of Lemma 13.21 □ 

3.3. Uniform integrability. We next prove the crucial uniform integrability property 
of /at. 

Lemma 3.3. Let us fix p £ [1, oo[. Then there exists C > such that for every M E N, 

\fM{u)\Pdfl{u)<C. 



iH'' .(e) 

Proof. Using (jl.3p . we observe that it suffices to prove that 

1/3 



3 C > 0, VAf ^ y X^{\\fM{i^, ■)\\L2{e)) exp 
Using the Sobolev inequality, we infer that 

llm(^r)llL/3(e) < C\\ipM(.UJ,-)\\H'y{0), 

provided 

(3-5) a > 2(i - i) . 

Observe that since /? < 4 there exists a £ [s,l/2[ satisfying ()3.5p . Let us fix such a value 
of £7 for the sequel of the proof. Since x is with compact support, we need to study the 
convergence of the integral 

/ hM{X)dX, 
•JXo 



with 



hMiX) =p(uj £n : ||(/jM(w,-)||H-{e) > c(log(A))'3, ||v9m(w, •)||L2(e) < C^, 



where c and C are independent of A and M {C is depending on the support of x) and Aq 
is a large constant, independent of M, to be fixed later. 
Since for N <M, 

(3.6) yNiio, Olb^o) < CN^\\ipN{u^, •)llL2(e) < CN^^Miu;, •)||l2(0) 

we obtain that there exists a > 0, independent of M and A such that if M satisfies 

1 

M < a (log (A)) '^'5 then /lAf (A) = (use ()3.6p with M = N). We can therefore assume that 
M > a(log(A))^. 
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Let us fix A > Ao- Define as the integer part of Q!(log(A)) '^'^ , where S is such that 
Let us notice that a proper choice of 6 is possible since /? < 4 and a < 1/2. Observe also 



that for Ao ^ 1, depending only on a, we have > 1 and N < M. Using (j3.6p . we obtain 
that the event 

[ue9. : ||(/JAr(cj, ■)\\H-(e) > |(log(A))^, \\^m{^, OIlL^ce) < C*) 

is of probability zero for A > Aq, where Aq is a large constant independent of M. At this 
place we fix the value of Aq. Using the triangle inequality, we obtain that for A > Aq, 

hM{X)<p{^^^ ■■ ||¥?Af(u^,-) - <yi'Af('^,-)lk-(e) > |(log(A))'3j. 

Using Lemma 13.21 we arrive at 

< ^g-c(log{A))/3(log(A))^?7^ 

= Ce 



-c(log{A))^ 



Thanks to (j3.7p . we have that ^ — 25(1 — cr) > 1 and therefore hM{^) is integrable on the 
interval [Aq, oo[- The integrability on [0, Aq] is direct since < /im(A) < 1. This completes 
the proof of Lemma l3.3[ □ 

Remark 3.4. The exponent /3 = 4 appears as critical in the above argument, a fact which 
reflects the critical nature of the cubic non-linearity for the 2d NLS. This fact may be 
related to a blow-up for the cubic focusing NLS for data of positive fi measure. This is 
however an open problem (see the final section of 

Using Lemma 13.31 we readily arrive at the following statement. 

Lemma 3.5. Let a £ [s,l/2[. There exist C > and c > such that for every integer 
M > 1, every real number A > 1, 



Pm[u G mad{&) ■■ \\SM{u)\\H^^e) > A) < Ce--^ . 
Proof. It suffices to use the Cauchy-Schwarz inequality, Lemma 13.21 and Lemma 13.31 □ 

Another consequence of Lemma 13.31 is the integrability of f{u). 
Lemma 3.6. For every p G [l,oo[, f{u) G LP{H^^^;B,dfi{u)). 
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Proof. Using Lemma [3. 1^ we obtain that there is a sub-sequence such that the sequence 
{fNk{u))keN converges to /(n), fi almost surely. Thanks to Lemma [3.31 {fNk{u))k£N is 
uniformly bounded in U'{H^^^{@),B,dn). Using Fatou's lemma we deduce that f{u) 
belongs to IJ'{H^^^{@),B, d^) with a norm bounded by the liminf of the norms of f^f^iuYs. 
This completes the proof of Lemma 13.61 □ 

3.4. End of the proof of Theorem [2l We have the following convergence property 
which yields the assertion of Theorem [2] in the particular case U = F = H^^^{Q). 

Lemma 3.7. Let us fix p [1, oo[. The following holds true : 

hm / \fM{u)- f{urdiJi{u)=Q. 



Proof. Let us fix e > 0. Consider the set 

An,s = (u G H^radiQ) ■■ \fNiu) - /(n)| < e). 
Denote by A'j^ ^ the complementary set in H^^^{@) of Aj^^^. Observe that / and /at belong 
to Lp'^{d^) with norms bounded uniformly in N . Then, using the Holder inequality, we 
get 

r - 

/ \fN{u) - f{u)\Pdf,iu) ^ < 11/^ - f\\L^ridf.MA%,e)r^ < C[f,iA%^,)r. . 

On the other hand 

\fN{u)-f{urdfi{u)<eP 

and thus we have the needed assertion since the convergence in measure of /at to / implies 
that for a fixed e, limjv^oo /^(^ate) = 0- This completes the proof of Lemma [3771 □ 

We can now turn to the proof of Theorem[2j We follow the arguments of [121 Lemma 3.8] . 
If we set 

UN^{ne Kadi®) : Sn{u) G U] 

then 

U C liminf(C/Ar), 

N 

where 

oo oo 

linynf(C/w) = \J fj ' 

N=lNi=N 

Indeed, we have that for every u G H^^^{Q), S]y{u) converges to u in H^^^{Q), as tends 
to oo. Therefore, using that U is an open set, we conclude that for every u ^ U there 
exists A'^o > 1 such that for N > Nq one has u G Un- Hence we have U C liminfAr(C/Ar). 
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If j4 is a /9- measurable set, we denote by 1a the characteristic function of A. Notice that 
thanks to the property U C limini n{Un), 



hminf %^ > %. 



Recah that 



Pn{U) = pn{U r\EN)= / lu^{u)fN{u)dp{u) . 



Using Lemma 13.71 we observe that 

hm ( / lu^{u)fN{u)dii{u) - I luffiu)f{u)dii{u)] =0. 

Next, using the Fatou lemma, we get 

liminf />Ar(C/ n E'at) = liminf / luj^{u)f{u)dfi{u) 



> I tu{u)f{u)dp{u) 



f{u)dp{u) = p{U) . 



This proves Observe that Lemma 13.71 implies that 

lim pm{En) = piK^^m ■ 

N—i-co 

Therefore to prove ()1.12p . it suffices to use (|l.lip by passing to complementary sets (as in 
|12j . we could give a direct proof of ()1.12p ). This completes the proof of Theorem [2j □ 



Remark 3.8. Let us observe that the reasoning in the proof of Theorem is of quite 
general nature. It suffices to know that : 

• (/at) is hounded uniformly with respect to N in U'{dp) for some p > 1. 

• (/a^) converges to f in measure. 

3.5. A corollary of Theorem [2l Combining Lemma 13.51 and Theorem [21 we arrive at 
the following statement. 

Lemma 3.9. Let a G [s,l/2[. There exist C > and c > such that for every real 
number A > 1, 

p(u G H^adi&) ■■ Mn^iB) e]A,oo[) < Ce-'^^' . 



'(e) 

Proof. It suffices to apply Theorem[2]to the open set of H^aA®)^ 

U = (ue Kadi®) ■ \Mh-{0) G]A, oo[ 
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and to observe that Pn{U) = pn{Un), where 

UN={ue K,,{Q) : \\SN{u)\\H^(^e) G]A,oo[). 

Thus by Lemma [331 Pn{U) < C exp(— cA^) which, combined with Theorem^ completes 
the proof of Lemma 13. 9i □ 

Remark 3.10. As a consequence of Lem.ma \3.9\ one obtains that for a G [s,l/2[ one has 
Pi^radi®)) ~ Pi^radi®))- Morcovcr for cvcry p measurable set A, 



pyu £ A : ||n||j:^<T(e) g]A, oo[j < Ce 

and thus A may be approximated by bounded sets of H"^^{Q) (the intersections of A and 
the balls of radius A ^ 1 centered at the origin of H^^^{Q) ). 

4. BOURGAIN SPACES AND BILINEAR ESTIMATES 

The following two statements play a crucial role in the analysis of the local Cauchy 
problem for (II. Ih . 

Proposition 4.1. For every e > 0, there exists (3 < 1/2, there exists C > such that for 
every Ni,N2 > 1, every Li,L2 > 1, every ui, U2 two functions on M x of the form 

'^j{t,r)= J2 Cj{n,t)en{r), j = 1,2 

Nj<{z„)<2Nj 

where the Fourier transform of Cj{n,t) with respect to t satisfies 

supp Cj{n, r) C {r G M : < (r + 4) < 2Lj], j = 1,2 
one has the bound 

ll^^l^^2||L2(Mxe) < C'(min(A^i,7V2))^(-^^l-f'2)^||Ml||L2(Kxe)lk2||L2(Kxe) • 

Proposition 4.2. For every e > 0, there exists (3 < 1/2, there exists C > such that for 
every Ni,N2 > 1, every Li,L2 > 1, every ui, U2 two functions on M x of the form 

ui{t,r)= ^ ci{n,t)en{r) 

Ni<{z„)<2Ni 

and 

U2{t,r)= ^ C2{n,t) e'^{r) 

N2<{z„)<2N2 

where the Fourier transform of Cj{n,t) with respect to t satisfies 

supp Cjin, t) C {t : Lj < {t + z^) < 2Lj}, j = 1,2 
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one has the bound 

ll^il^^2||L2(IRxe) < C'(mm(iVi,iV2))^(-^^l-^^2)^||^il||L2(Kxe)lk2||L2(lRxe) • 

For the proof of Propositions 14.11 and 14.21 we refer to [121 Proposition 4.1] and [121 
Proposition 4.3] respectively. The results of Propositions 14.11 and 14.21 can be injected in 
the framework of the Bourgain spaces associated to the Schrodinger equation on the disc, 
in order to get local existence results for (jl.ip . Following [12], we define the Bourgain 
spaces X^^^{M x 0) of functions on M x which are radial with respect to the second 
argument, equipped with the norm 



l^ll = Y.^n''\\{r + zl)''{u{t),en){T)\\l2^^^^ , 



|2 



n=l 

where (•,•) stays for the -L^(0) pairing and ^ denotes the Fourier transform on R. We 
can express the norm in X^^^(M x 0) in terms of the localisation operators A^v.l- More 
precisely, if for N,L positive integers, we define An,l by 

A7v,l(u) = 7^ V (/ (n(t)^„)(r)e^*^(ir)e„. 



then we can write 



l7/l|2 

I "II ,^(T,6 



Kadi^x®)^'"' ^ ii^Jv,^v-yiiL2(Rxe) ' 

L.Af— dyadic 

where ~o-^fe means that the implicit constant may depend on a and h. Using that (see [12]), 

3C>0 : Vn E N, ||en||L°°(e) < 

and the Cauchy-Schwarz inequality in the r integration and in the n summation, we arrive 
at the bound 

(4.1) ||AAr,L(M)||ioo(Kxe) < L5iV||AAr,L(u)||i2(Kxe) • 

Let us next analyse dri^^N . We can write 

AAr,L(n) = ^ c(n,t)en(r), supp c(n, r) C {r e M : L < (r + 4) < 2L} 

Af<(2„><2Ar 

and thus 

(4.2) a,(A^,i(^^)) = 

Af<(zn)<2Ar 
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Recall (see that for m ^ n, e'^ and are orthogonal in L^(0) and ||e^||L2(0) k, n. 
Therefore 

/oo 
\c{n,T)\'^dT 

and thus 

(4-3) ||9.(A^,L(n))||^2(Kxe) ~ ^II^^v.l W|L2(iRxe) • 

Using [121 Lemma 2.1], ||9re„||ioo(0) < Cr?!'^ and thus coming back to (j4.2p . after writing 
c{n,t) in terms of its Fourier transform and applying the Cauchy-Schwarz inequality in 
the T (the dual of t variable) integration, we obtain that 

(4.4) ||a.(A;v,L(«))|Loo(i,,e)^^^^^l^^.^(^)|lL^(Mx0)- 

Let us next define two other projectors involved in the well-posedness analysis of (|l.ip . 
The projector A at is defined by 

An{u) = ^ (ti,e„)e„. 

n: Ar<(^„><2Af 

For > 2 a dyadic integer, we define the projector Sn by 

Sn = ^ ^Ni ■ 

Ni<N/2 
Ni —dyadic 

For a notational convenience, we assume that Si is zero. 

5. Nonlinear estimates in Bourgain spaces 

In this section, we shall derive nonlinear estimates related to the problems (|l.ip and 
(II. 9p . We start by a lemma which improves on the Sobolev embedding. 

Lemma 5.1. Let us fix p > 4. Then for every b>^,a>l — ^ there exists C > such 
that for all u G X^^^(M x 0) one has 

(5-1) hllLp(Rxe) < C'll'"llx;;^^(Rx0) ■ 

Proof. It suffices to prove the assertion for p = A and p = oo. Let us first consider the case 
p = A. Observe that AAr^i(n) fits in the scope of applicability of Proposition 14.11 Using 
Proposition 14.11 with e = (t/2 > 0, we obtain that 

\\^N,L{u)\\L'i{Rxe) < C'||AAr,L(n)||^^./2,^^jj^Q^ . 

Therefore, by writing u = YIl N ^n,l{u)-, where the summation runs over the dyadic 
values of L, A^, by summing geometric series in and L , we obtain that (|5.ip holds true 
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for p = 4 (observe that we use Proposition 14.11 with e = a/2 instead of a in order to get 
small negative powers of N and L after applying the triangle inequality to jy ^n,l{u). 
Let us next consider the case p = oo. In this case, the assertion holds true thanks to ()4.1|] 
and another summation of geometric series. This completes the proof of Lemma l5. II □ 

The next lemma gives sense of F{u), in the scale of Bourgain's spaces, for u of low 
regularity. 



Lemma 5.2. Let {b,a) be such that max(l/3, 1 — 2/a) < a < 1/2, b > 1/2 and let 

u G X^;^^^(R X e). Then F{u) £ X~^^J~\r x 9). Moreover 



lirn^ \\F{u) - i^(57v(n))||^-..-.(j,^e) =0. 
Proof. For v G x 0), we write 

/ \F{u)v\ < C{ [ \uv\+ [ 

Now, using Lemma l5.lt we get 

\W\\L'-+\Rxe) < C'll^^llx;i^''(iRxe) > 

where ai > 0, when a < 2 and ai > 1 — 4/(a + 2) when a g]2,4[. Observing that for 
a > 2, max(l/3, 1 - 2/a) > 1 - 4/(a + 2) shows that 



which yields the needed convergence. This completes the proof of Lemma 15.21 □ 

One may prove a statement similar to Lemma (5^ with Sn replaced by Sj\f,L where S]\f,L 
is defined similarly to Sn with A^Vi replaced by Atvi.Li, Li < L. This observation allows 
to consider only finite sums over dyadic integers in the proof of the next proposition (one 
can also apply a similar approximation argument to v involved in (j5.6p l. 

In fact a much stronger statement then Lemma 15.21 holds true. It turns out that under 
the assumptions of Lemma [5^ one has F{u) G X^^''(M. x G). 



|F(^)^;| < C||^||^...(^^Q)|b||^..(Kxe)(l + ll^llx-^,(Rxe)) 
and thus F{u) G X^Jj ''(M x Q). Similarly one shows that 

\iFiu) - FiSNiu)))v\ < C\\u - SNiu)\\^..t\\v\\^.,t {1 + \\u\\Z^,, 
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Proposition 5.3. Let max(l/3, 1 — 2/a) < ai < a < 1/2. Then there exist two positive 
numbers b,h' such that b + b' < 1, b' < 1/2 < b, there exists C > such that for every 

(5.2) ll^(..)ll,;.,.,..e, S C(l + ll«IU;;>xe, 

and 

(5.3) ||F(n) - F(^)|| <c(l + \\u\r:t''^ + II^CS"''^ 



Proof. The proof of this proposition for a < 2 is given in [T2j. We therefore may assume 
that a > 2 in the sequel of the proof. The proof will follow closely [12] by incorporating an 
argument already appeared in [5j. Let us observe that in order to prove (|5.2p . it suffices 
to prove that 

(5.4) ll^(^^Kn))||,.-.(,,e)<c(l + ||.||" ^^^^ 



ue)7ii"ii^rd(i^xe)' 



uniformly in M G N. Indeed, if we can prove ()5.4p then {F{Sm{u)))m£N is a bounded 
sequence m 

KLd (IR X 0) (and thus also in X^J"^ "(M x 6)) and therefore it converges 
(up to a sub-sequence) weakly to some limit which satisfies the needed bound. In order to 
identify this limit with F(u) it suffices make appeal to Lemma 15.21 Thanks to the gauge 
invariance of the nonlinearity F{u), we observe that F{u) — {dF){0)u is vanishing at order 
2 at n = and thus in the proof of ()5.4p . we may assume that 

(5.5) d'''d''^{F){0) = 0, V fci + ^2 < 2. 
Observe that ()5.4p follows from the estimate 

(5.6) I F{Sm{u))v\ < C^lbll^-./ (^,e) + "^"x-^Mxe)) ll^llx;;',(Mxe) 

(let us remark that if v contains only very high frequencies with respect to the Aat^x, 
decomposition then the right hand-side of (j5.6p is small). Using that A^v = S2N — Sn and 
(j5.5p . we may write 

F{Sm{u)) = Yl {HSnA^)) - HSnM^)) 

2<Ni<M 
Ni —dyadic 

Ni<M/2 
A^i— dyadic 

= Fi(n) + F2(n), 

where Gi{zi,Z2) and G2{zi,Z2) are smooth functions with a control on their growth at 
infinity coming from (|1.2p (similar bounds to F with a replaced a — 1). Moreover, thanks 
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to (IESD, Gi(0,0) = 5(F)(0) = and G2(0,0) = d{F){0) = 0. We will only estimate the 
contribution of Fi{u) to the right hand-side of ()5.6p . the argument for the contribution of 
F2{u) being completely analogous. Next, we set 



IxB 

Then I < Ii + I2, where 



Fi{u)v , IiNo,Ni)= I AN,iu)AN,{v)GiiAN,{u),SNAu)) 

xB 



N()<Ni<M/2 iVj<min(iVQ,M/2) 
AfOjA^i -dyadic No,Ni-dja.dic 

We first analyse Ii. Using (jS.Sp with {ki,k2) = (1,0), we decompose Gi(AjVj (u), Sat^^ (u)) 



as 



iGl{S2N2^Ni{u), S2N2Sni{u)) - Gi{Sn2^Ni{u), Sn2Sni{u))) . 



N2<N-i 

-^2— dyadic 



Using that Ajv^Ajv^ = A^r-^, if A^i = N2 and zero elsewhere, we obtain 
(5.7) Gi{AnAu),SnAu))= ^N2{u)G^n^N2{u),SN2{u))+ 



JV2<JVi 
-^^2— dyadic 



Y Ar,2{u)G^iiAr,2iu),SN2iu)), 



N2<Ni 
A^2— dyadic 



where G^i{zi, Z2) and G^^(zi, Z2) are smooth functions with a control on their growth at 
infinity coming from (|1.2p . Moreover thanks to (j5.5p . applied with {ki,k2) = (2,0) and 
{ki,k2) = (1,1), we get G^'(0,0) = and G^'(0,0) = 0. Therefore, we can expand for 

i = 1,2, 

(5.8) G^^(A^,(n),5,v2(n))= Y ^NAu)G^j[{^Nsiu), SnAu))+ 



N3<N2 
V3— dyadic 



Y AN,{u)G^j^{AN,{u),SNAn)), 



N3<N2 
V3— dyadic 



where, thanks to the growth assumption on the nonlinearity F{u), we have that the 
functions G'^j[j^{zi, Z2), ji,j2 e {1,2} satisfy 

(5.9) \G^![^^iz^,Z2)\<Cil + \z,\ + \z2\r-\ 
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We therefore have the bound 



'adic 



Nq<Ni Ni>N2>N2 
No,Ni- dyadic N2,N3- dyadic 



By sphtting 

An= Y1 

L— dyadic 

we may write for b > 1/2, < cJi < 1/2, by using (j4.ip and the Cauchy-Schwarz inequahty 
in the L summation 

II^Af3(^)llL°°(Kxe) < X] II^A^3,i(^)llL°°(Kxe) 

L— dyadic 

< C Yl A^3^^||A7V3,L(n)|U2(Kxe) 
L— dyadic 

where C depends on b and ai. Similarly 



||5iV3(u)||ioo(Rxe) < ||A7v(u)||io 



'(Rxe) 



JV<Ar3/2 
A'^— dyadic 



< Yl l|Ajv,L(n)||io 



Af<iV3/2 
LjAf— dyadic 



< Y CNL^\\An,l\ 



1x6) 



u)\\L^(Rxe) 



N<N-j/2 
L,N— dyadic 



iV<iV3/2 JV<iV3/2 

L, A''— dyadic L, A''— dyadic 



< CiV3'-||u||,.,.,.,e, 
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Therefore 

No<Ni iVi>iV2>iV3 
A^O , A^i -dyadic N2 .A^s -dyadic 

^{i-.i){a-2)/ f |A^,^(«)A^,(n)A^,(^z)A^3(n)|). 

Using Proposition 14.11 and the Cauchy-Schwarz inequahty, we obtain that for every e > 
there exist /5 < 1/2 and such that 

I ^No,Lo {v)Ani,Li {u)An2,L2 {u)An3,L3 (u) \ < 

xe 

< ||A7Vo,L„(t>)AAr2,L2(n)||i2(iRxe)II^Ai,LiWA7V3,L3(n)||i2(Kx0) < 

3 

< Ce(,N2N3Y{LoLiL2Lsf\\ANo,Lo{v)\\LHRxe) n ll^iv,,L,(^x)llL2{Kxe)- 
Therefore, if we set 

(5.10) Q = Q{No, Ni,N2, iVs, ^o, ^1,^2, L3) = CiVQ-'^TYf (iV2A^3)"^4'(^i^2^3)' 

3 

X (1 + hllx-i>''(Rxe))ll'^^o,Lo(^)llL2{Rxe) n ll^^i:ij(^)lli2(Rxe), 

i=i 

we can write 

'■^ E E Lr(L....3)-'(t) 

Lo, 1/1,-^2,^3 -dyadic iVi>JV2>iV3,JVi>jVg ^ ' 

No,Ni,N2,N3- dyadic 

Let us take e > such that 

a(l -CTi) 
2 

A proper choice of e is possible thanks to the assumption ai > 1 — 2/ a. With this choice 
of e we have that 2(ai — e) > {1 — ai){a — 2). The choice of e fixes /? via the apphcation 
of Proposition 14. 1[ Then we choose b' such that P < b' < 1/2. We finahy choose 6 > 1/2 
such that 5 + 6' < 1. With this choice of the parameters, coming back to the definition 
of the projectors A^^l and after summing geometric series in Lq, Li, L2, L3, -^3) we 
can write that 

Nq<Ni 
A'o , Ai — dyadic 
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where 

(5.11) c(iVo) = A^o""l|A^o(^)II^M^(K,0), d{N,) = iVf ||Ajv,(n)||^o,.^(^^0) 

Finally, using |12[ Lemma 6.2], we arrive at the bound 
h < C\\v\ 

which ends the analysis for Ii. 



\U\\ ^cr.b , 



Let us now turn to the analysis of I2 ■ The main observation is that after in integration 
by parts the roles of Nq and A^i are exchanged. We have that 



JVi<min(JVQ,A//2) 

-Lo I ^0 1 ^1 — dyadic 



where 

Write 
(5.12) 

where 

Define AtvcLq ^ 



I{Lo,No,Ni)= / ANAu)ANo,Loi^)Gi{AN,{u),SN,iu)) 



X0 



^No,Lo(.^) = X] c(no,t)e^ 

No<{z„q)<2No 



suppc(no,r) C {r G M : Lq < (r + z^^) < 2Lo}. 



c{no,t) , 



y2 "0 



e„Ar . 



No<{zno)<2No 
Since ||e^(, ||l2(0) « no (see [H]), we have 

(5-13) \\ANo,Lo{v)\\LHRxe) - No^\\^No,LQi'^)\\L^Rxe)■ 

Smce en vanishes on the boundary, using that 



en{r) = — \-dr{rdren{r)), 
zi r 



an integration by parts gives 



I{Lo,No,Ni)= / ANo,Lo{v)dr{^m{u)Gi{AN,{u),SN^{u)) 



X0 
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Recall that equality (j5.7p shows that Gi(AiVi (u), S'at^ (u)) can be expanded as a sum of 
two terms and then each term can be expanded according to (jS.Sp . Therefore 



/(Lo, No, Ni) < h{Lo, No, Ni) + hiLo, Nq, iVi) + 13(^0, iVo, A^i) + h{Lo, Nq, Ni), 
where 

2 2 



/i(Lo,iVo,iVi)= E E E 

adic 



jl=li2 = l iV3<iV2<iVl 
7V2,Af3 -dyadic 



X0 



/2(Lo,iVo,iVi) = E E E 

JVi 
'adic 

I '^No,Lo {v)An, {u)dr (Ajv2 (n)) An, {u)G^j[j, {^n, (n) , Sn, {u))\. 



jl = lj2 = l iV3<JV2<JVi 

7V2,A^3- dyadic 



X0 



/3(Lo,iVo,iVi) = E E E 

radic 

I An,,Lo (.v)An, (,u)An, {u)dr {An, (u)) G^j[.^ {An, (n) , Sn, (n) ) | , 



il = lj2 = l N,<N2<Ni 

, N, — dyadic 



xe 



2 2 

h{Lo,No,m) = Y,Y. E 

Jl = lj2 = l N3<N2<Ni 

A'^2,Af3— dyadic 

/ I A^„,z.„ {v)An, {u)An, iu)AN, {u)dr {G^^^^^ {An, (n) , Sn, (n) )) | , 
jRxe 

Recall that G^J^^^-^ {zi,Z2) satisfies the bound (|5.9p . If we define Q by (|5.10p . expand- 
ing with respect to the L localizations, using two times Proposition 14.21 to the products 
AAfo,Lo('")AAf2,L2('") aiid dr{AN^{u)) An,,L3{u) and ()5.9p (together with ()4.ip . ()4.3p and 
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(f5l^ ) gives 



hiLo,No,Ni)< 

JVi<min(]Vo,M/2) 

Lo 1 ■'Vq , A^i — dyadic 

I/0,Li,L2,-L3-dyadic ]Vi>]V2>iV3,JVi<iVo ^ ^ 

A^O , 1 , A^2 , 3 - dy ad ic 

The last expression may estimated exactly as we did for Ji, by exchanging the roles of A'o 
and A'^i. Similarly 



^ l2iLo,No,Ni)< 



JVi<miii(]Vo,A//2) 
-Lo I ^0 1 ^1 "dyadic 

Lo,I/i,L2,i3-dyadic iVi>Ar2>iV3,]Vi<JVo " \ ■j/ 

No,Ni,N2,N3- dyadic 

On the other hand on the summation region, 



^NiJ \NoJ - \Ni, 
and thus, again, we may conclude as in the bound for Ii. The sum 

^ h{Lo,No,N,) 

JV^<min(]VQ,A//2) 

Lq 1^0 1^1 —dyadic 

can be bounded similarly. Let us finally estimate the quantity 



hiLo,No,N,) 



]V]^<min(]VQ,M/2) 

Lq 1^0 1^1 —dyadic 



Observe that we can write 



< 



C(|9,(A;V3(^^))| + \dr{SN,iu))\) (l + |Ajv3(n)| + \SnAu)\ 



<a-3,0) 
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Now using (14. 4|) . we can write 

\\dr{Aiy^{u))\\L^(Uxe) + \\dr{SNa{u))\\L°^(mxe) < X] l|c^r(AAr(n))||ioo(iRxG) 



N<Na 
A''— dyadic 



< Yl l|5.(Ajv,L(n))||i. 



IxS) 



L,N<Na 



L,N— dyadic 

L,N<N'^ 
L,N —dyadic 



Similarly 



/ _ \ max{a-3,0) , / n n\ 

(l + |A^3(n)| + \SmA^)\) < C(l + iV3^-'^MklU;.^(K,e))""^ ' ^ ' 

Let us suppose that a G [3, 4[, the analysis for a G [2, 3] being simpler (one needs to 
modify slightly the next several lines by invoking the assumption ui > 1/3). If we define 
Q by (jS.lOp . expanding with respect to the L localizations, using Proposition 14.11 to the 
product A]\f-^^^L-^^{u)A]\f^^L^{u) and Proposition 14.21 to the product Aj\f^^Lg{v)Aj\f^^L^{u), we 
get 

Y h{Lo,No,Ni)< 



Ni<niin{NQ,AI/2) 

Lo, No, N I— dyadic 



^ ^ " ^ \NiJ No (N2NS, 

Z/Qi^i 1^21^3— dyadic JV^>JV2>iV3,]V]^<JVQ 
No,Ni,N2,N3- dyadic 

Since on the region of summation 

NiJ No ^ - \NiJ 

we may conclude exactly as we did for Ii. This completes the analysis for I2 and thus 
(j5.2p is established. Thanks to the multilinear nature of our reasoning (compare with 
the method of Ginibre-Velo, Kato for treating the Cauchy problem for NLS which is not 
multilinear), the proof of (j5.3p is essentially the same as the proof of (j5.2p . However one 
can no longer assume that the frequencies A'^i and A''2 satisfy A^i > but this fact does 
not affect the analysis since in contrast with (|5.2p all terms in the right hand-side of (|5.3p 
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have the same spatial regularity a (this is a standard feature in the analysis of nonlinear 
PDE's and not related to the spaces ^^^^ we work with). More precisely, we can write 

F{u) - F{v) = {u- v)Gi{u,v) + {u-v)G2{u,v) 

with Gj{zi,Z2), j = 1,2 satisfying the growth assumption 

(5.14) \d',ld',^^di\dilG,iz,, Z2)\ < Gk,M,iuha + l^il + 1^21)"-^-'=^-'-'^ . 



Since the analysis is very similar to the proof of (15. 2p . we shall only outline the estimate 
for {u — v)Gi{u, v). Again, we can suppose that F{u) is vanishing at order 3 at if = and 
a > 2. Let us set 

Wl = U — V, W2 = U, Ws = V. 

We thus need to prove that 



WiGi{w2,Ws)w4 

xe 

< G{1 + |k2||^.,.(K,e) + ll'^3||^...(i,,e))"ll^illx-^,(Rxe)ll^4||^-.y • 
Next, we expand 

Wl= ^ Ani{wi), Wi= ^ ANoiWi) 
Ni — dyadic A^O — dyadic 

and 

Gi{w2,W3)= ^ (Gi{S2N2iw2),S2N2i'W3)) - Gi{SN2iw2),SN2iw3))y 
Af2— dyadic 

Thus, modulo complex conjugations irrelevant in this discussion, one has to evaluate 
quantities of type 



(5.15) ^ / ANoiw4)ANj^{wi)AN2{Wj 

)\r„ AT. i\r„ ^,,„^;„ •'MxS 



A'o,A^l,A^2 -dyadic 



Hf"" {An2 {w2), Sn2 {w2), An2 (ws), Sn2 im)) 



i = 2,3. 



where H^^ (zi, Z2, z^, z^) are smooth functions satisfying growth restrictions at infinity 
coming from (jl.2p . In the analysis of (j5.15p . we distinguish two cases for Nq, Ni, N2 in 
the sum defining (j5.15p . Since A^i and N2 are not ordered, we need to compare A'o with 
max(A^i, A'^2) by performing arguments close in the spirit to the proof of (j5.2p . 

Case 1. The first case is when Nq < max{Ni, N2)- In this case, we expand once more 
H^'^ which introduces a sum over N3 — dyadic, N3 < N2 of terms ANsiwj) (or complex 
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conjugate) times a function which satisfies a decay property coming form ()1.2p . As in the 
analysis of Ii above, we obtain the bound 

(5.16) \mi)\< E E 

Lq, Ll, 1/2 dyadic JVi,]V2>iV3,max(JVi,JV2)>iVo 
No ,Ni,N2,N3 -dyadic 

i^i^2i^3j Uax(iVi,iV2)J {mm{Ni,N2)N3r-^^' 

where Q is defined similarly to (jS.lOp with the important difference that cJi is replaced 
by £7 and the harmless difference that u is replaced by a suitable wj, j = 1,2,3 and v is 
replaced by W4. If max(A'^i, A''2) = Ni or A'^i > then we conclude exactly as in the proof 
of (lOl . 

We can therefore suppose that max(A^i, A'^2) = -^2 and A'^i < N^. Observe that we can 
also suppose that F{u) is vanishing at order 5 at u = which allows to expand the non- 
linearity once more. Indeed, the cubic term in the Taylor expansion of the non-linearity can 
be dealt with as in (j5.16p since in this term a = 2. Thus in the case max(iVi, A^2) = -^2 and 
^1 ^ ^3, we expand once more the non-linearity which introduces a sum over A^4 — dyadic, 
< of terms A^^i^j) (or complex conjugate) times a function which satisfies an 
appropriate decay property coming form (II. 2p . We next consider two cases A^i > and 
A^i < A'4. Let us suppose first that A'"i > In this case, using the bilinear Strichartz 
estimates as in the analysis of Ii above, we obtain the bound 



(5.17) \mB\< E E 



Lo,Li,L2,L3,L4-dya.dic N^>Ni>N4,N2>Ng>N4,N2>NQ 
No,Ni,N2,N3,N4-dyaxiic 

where Q is defined similarly to (jS.lOp with one additional factor in the product, i.e. the 
product runs from 1 to 4 instead of 1 to 3. With (j5.17p at our disposal, we can conclude 
exactly as in the proof of (j5.2p . Let us suppose finally that A'^i < A'4. In this case we put 
the term involving A in and perform the bilinear estimates with the terms involving 
No, N2, N3, Ni to get 

\mB\< E E 

-Lo,i'i,-i'2,i3,i'4— dyadic Ni<N4,N2>n^>N4,N2>Nq 
No ,Ni,N2,N3,N4 -dyadic 



/ AT \ a 7\rl-cr Armax(0,(l-cr)(a-3)) 



\N2J {N3N4)''-' 
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where Q is defined similarly to (jS.lOp . Once again we conclude similarly to the proof of 

Case 2. If A^o > max(A''i, A^2)) then we integrate by parts by the aid of A]yg{wi) and 
the analysis is very similar to the bound for I2 in the proof of (15. 2p . 

This completes the proof of Proposition 15.31 □ 

Remark 5.4. We refer to [1], where an analysis similar to the proof of Proposition [3731 
is performed. In [I], one proves bilinear Strichartz estimates for the free evolution and 
by the transfer principal of [5] these estimates are transformed to estimates involving the 
projector A^r ^. This approach is slightly different from the approach used in [12j . based on 
direct bilinear estimates for functions enjoying localization properties similar to Ai\f^Liu). 

6. Local analysis for NLS and the approximating ODE 

In this section, we state the standard consequence of Proposition 15.31 to the local well- 
posedness of (II. ip and (jl.Op . For T > 0, we define the restriction spaces ^^ad([~-^' ^] ^ Q); 
equipped with the natural norm 

lkllx-.^^([_T,T]xe) =il^fill^llx^-;',(Rx0)' ^^^rad(I^X0) ^^^^ w\]-T,T[ = u}. 

Similarly, for / C M an interval, we can define the restriction spaces X^^^{I x 0), equipped 
with the natural norm. A Sobolev inequality with respect to the time variable yields, 

h\\L^(l-T,T];H-^^ie)) < C'fell^llx-^,([-r,T]xe)' ^ > \- 

Thus for 6 > 1/2 the space X^°;^^([-T, T] xB) is continuously embedded in C{[-T, T] ; H^^^{Q)). 
We shall solve (II. ip for short times by applying the Banach contraction mapping principle 
to the "Duhamel formulation" of (jl.ip 

(6.1) u{t) = e'^^uo - i f e'^'-^^^F{u{T))dT , 

Jo 

where e**^ denotes the free propagator. 

Remark 6.1. In (j6.ip . the operator e**^ is defined by the Dirichlet self-adjoint realization 
of the Laplacian via the functional calculus of self-adjoint operators. As mentioned before 
the uniqueness statements in the well-posedness results in this paper are understood as 
uniqueness results for (j6.ip . On the other hand, despite the low regularity situation in 
this paper, the solutions of (j6.ip . we construct here have zero traces on R x dQ (which 
is a general feature refiecting from the Dirichlet Laplacian, we work with) and thus the 
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uniqueness issue can be studied in the context of the equation subject to zero bound- 
ary conditions on M x dQ. If we set S{t) = e**^, then S{t)en = e~**^"en and the norms in 
the Bourgain spaces may be expressed as 

where x 9) is a classical anisotropic Sobolev space equipped with the norm 

n>l 

where again (•,•) stays for the L^(0) pairing and ^denotes the Fourier transform on M. 
Therefore in the context of (j6.ip we are in a situation where the Bourgain approach to well- 
posedness of dispersive equations may be applied. Let us also observe that the solutions of 
(j6.ip we obtain here solve (jl.ip in distributional sense (see e.g. [51 Section 3.2] for details 
on this point). Let us finally remark that for a < 1/2 the spaces H^^^{Q) are independent 
of the choice of the boundary conditions we work with. In particular, the space H^^^{Q), 
on which the invariant measure dp is defined, is independent of the boundary conditions. 
On the other hand both the dynamics and the Gibbs measure dp do depend on the choice 
of the boundary conditions. 

Now we state the following standard consequence of Proposition 15.31 (see [8] or [12\ 
Proposition 6.3]). 

Proposition 6.2. Let max(l/3, 1 — 2/a) < ai < a < 1/2. Then there exist two positive 
numbers h,h' such that 6 + 6' < 1, h' < 1/2 < b, there exists C > such that for every 
T G]0, 1], every u,v € X;;'^([-T,r] x 9), every uq G H^^^{e), 

h'''^Uo\\x^;^'^{[-T,T]x0) ^ C\\uo\\H^^^(e) , 



At-r)^F{u{T))dl 



< 



I ||max(2,o) 

W\x2,\i-T,T]xe)J^^''^^Ka'A-T,T]xe) 



and 



At-r)^^F{u{T)) - F{v{T)))dT 



< 



< r<F^->'-b' ( 1 I |L.||max{2,a) ,, ||max{2,a) 

' " "x-',([-T,T]xe)^ll llx-*,([-T,T]xe) 
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One may also formulate statements in the spirit of Proposition 16.21 where [— T, T] is 
replaced by an interval / C M of size one and by a point of /. We also remark that 
the integral terms in Proposition 16.21 are well-defined thanks to a priori estimates in the 
Bourgain spaces (see e.g. [8j). 

Proposition 16.21 implies (see [121 Proposition 7.1]) a local well-posedness result for the 
Cauchy problem 

(6.2) {idt + - F{u) = 0, u\t=o = no. 

Proposition 6.3. Let us fix ai and a such that max(l/3, 1 — 2/a) < o"i < cr < 1/2. Then 
there exist b > 1/2, /3 > 0, C > 0, C > 0, c g]0, 1] such that for every A > if we set 
T = c(l + A)~^ then for every uq G H^adi®) satisfying \\uo\\h'^i < A there exists a unique 
solution u of 16. 1\) in X"^'^ {[—T ,T] x G). Moreover u solves 116. S\) and 

ll^llL°°{[-T,r];//'^l{e)) < ^ll^llx'^l^''{[-T,T]xe) - ^ll^o||/i''^i(0) • 

// in addition uq E H"^^{Q) then 

lhllL°°([-T,T];H'^{e)) < ^ll'"llx^^*^([-T,r]xe) - C'llwolU'^ce) • 
Finally if u and v are two solutions with data uq, vq respectively, satisfying 

then 

\\u - v||L°°([-T,r];H''i(0)) < C'll^o - ■yo||H'^i{e) • 
If in addition uq,vq G H"^^{Q) then 

\\u - v||Loo([_r^r]./^<T(0)) < C||no - wolU<^(e) ■ 

Since the projector Sn is acting nicely on the Bourgain spaces Proposition 16.21 also 
implies a well-posedness result (the important point is the independence of of the 
constants appearing in the statement) for the ODE (jl.9p . 

Proposition 6.4. Let us fix ai and a such that max(l/3, 1 — 2/a) < o"i < o" < 1/2. Then 
there exist 6 > 1/2, /3 > 0, C > 0, C > 0, c g]0, 1] such that for every A > if we set 
T = c(l -|- A)~f^ then for every N > 1, every uq G En satisfying \\uo\\h'^i < A there exists 
a unique solution u = Sn{u) of in X'^^'^ {[—T ,T] x Q). Moreover 

\\u\\L^{[-T,T];H''l{e)) < ^W'^W x"^'^ {[-T,T]xe) - '^ll^olU'^i (0) • 

If in addition uq £ H^^^{Q) then 

\W\\L^{[-T,T];H'^{e)) ^ ^ll'"llj!("^'^([-r,T]xe) — ^ll'"o||/i''^(e) • 
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Finally if u and v are two solutions with data uq, vq respectively, satisfying 

Ikoll^'^i < A, WvqWh"! < A 

then 

\\u - ■y||ioo([_7^^j.].^<Ti(0)) < C||no - uo||/f<'i(e) ■ 
If in addition uq,vo G H"^^{Q) then 

\\U - W||ioo([_j._2-].^<T(0)) < C||no - VQ\\ua(^iQ-^ . 

7. Long time analysis of the approximating ODE 
In this section we study the long time dynamics of 
(7.1) {idt + A)u-SN{F{u)) = 0, u\t=oeEN. 

Recall from the introduction that the measure dpN is invariant under the well-defined flow 
of ()7.ip . Denote this flow by $Ar(t) : —>■ En, t G M. We have the following statement. 

Proposition 7.1. There exists A > such that for every integer i > 1, every a £ [s,l/2[, 
every N gN, there exists a pj^j measurable set ^ C Ej^j such that : 

• u G SJy^^ ^ \\u\\Li{e) < A. 

• There exists C^, depending on a, such that for every i £ N, every N £ every 
no G every t G R, ||$7v(i)K)lk-{e) < C'<t(« + log(l + \t\))^ . 

• For every a g]s, 1/2[, every ai G [s,a[, every t G M there exists ii such that for 



every integer i>l, every N > I, if uq £ then one has $Ar(t)(Mo) G ^ 



Remark 7.2. One may wish to see the invariance property of the sets 5]^^ displayed by 
the last assertion as a "weak form of a conservation law". 

Proof. Let A > be such that xi^) = for |x| > A. For a G [s, l/2[, i,j integers > 1, we 
set 

^N^ui^'y) = {u£En : \\u\\h<^(q) < D„{i + j)^, \\u\\L^{e) < a}, 

where the number S> 1 (independent of i,j,N) will be fixed later. Thanks to Propo- 
sition 16.41 there exist c>0, C>0, /3>0 only depending on a such that if we set 
r = cDa^{i + then for every t G [— r, r], 

(7.2) ^N{t){B'l^{D,)) (i[u£En : Mu^i^e) < C D^{i + j)'^ , ||n||i2(e) < a} . 
Next, following Bourgain [3\, we set 

[2Vr] 

k=-[2yT] 
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where [2-^/r] stays for the integer part of 2^ jr. Using the invariance of the measure /?Ar by 
the flow <I>7v, we can write 

[2Vr] 

p^{^E^\Y.'l^{D,)) = U (i?;v\<^>iv(-fcr)(i?j;^■,(D.)))) 

< {2[2^/T] + l)pr,{Er,\B%^^^{D^)) 

< C2WP^{t + 3f/^pM{EN\B%{D,)). 

Using the support property of x, we observe that set (n G : ||n||/,2(@) > A) is of zero 
Pn measure and therefore 

(7.3) pM{EN\B'i^{D„))=pN{u(^H';.,^{Q) : ||5^(^x)||^.(e) > + j)^) . 
Therefore, using Lemma 13.51 we can write 

(7.4) pN{EN\T.'f^^^{D,)) < C2^'D^(i + j//2e--^?(*+^-) < 2-^'+^\ 

provided Z?o- 3> 1, depending on a but independent of j, N . Thanks to (j7.2p . we obtain 
that for uq G 5]^^(L'o-)i the solution of (j7.ip with data uq satisfies 

(7.5) ||$7v(t)(no)|U.(e) < CI).(i + j)^ 1*1 < 2^' • 

Indeed, for |t| < 2-', we may find an integer k G [— [2''7r], pJ'/r]] and ri G [— t, r] so that 
t = /cr + Ti and thus u{t) = <^N{Ti)[(^N{kT){uQ)) . Since uq G Sy^(Z)o-) implies that 
$Ar(A;r)(iio) G B]^^{Dfj), we may apply (I7.2p and arrive at ()7.5p . Next, we set 

oo 

Thanks to (\TM . 

/5;v(i^iv\S5v,J < 2-\ 

In addition, using (17. 5p . we get that there exists such that for every i, every A^, every 
uo G S'^^^, every t G M, 

ll^7v(t)(no)|k-(e) < a(i + log(l + |t|))5 . 

Indeed for t G M there exists j G N such that 2-'^^ < 1 + |t| < 2-' and we apply (j7.5p with 
this j. 

Let us now turn to the proof of the last assertion. Fix t G M and uq G S^^. Since 
Uo G S^^, for every integer j > 1, we have the bound 

||$;v(ti)(no)||H-(0) < Caii + j)K \ti\ < 2K 
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Let ii S N (depending on t) be such that for every j > 1, 2-' + |t| < 2-'"'"*i. Therefore, if 
we set u(t) = <l>Ar(t)(uo), we have that 

\\^N{h)iu{t))\\H^^e) = \\^N{t + h)iuo)\\H'^(e) <C^ii + j + k)K \ti\ <2K 
Thanks to the conservation law, for uq G SJy ^ one has 

||^>Ar(tl)(u(t))||i2(e) = |ho||L2(e) < A. 

Therefore 

ll^iv(ti)(^x(t))|U-i(e) < II^Jv(ti)(^^(t))|||:(e)ll^w(ii)(^^W)llZ^) 



< [K]—\C,{i+j + h) 
Let us fix > 1 such that in addition to the property 

2^' + |t| < 2^'+*!, Vj>l, 
we also have that for every z,j > 1, 



"•1 

2(T 



Thus 



\ti\ <2^ 



i.e. for every < 2^ one has <^N{ti){u{t)) £ ^^N^afi^r^)- We can therefore conclude 
that u{t) G for every j > 1. Hence G 5]^^^^ and the restriction on ii 

depends only on cr, ai and t. This completes the proof of Proposition 17. 1[ □ 

8. Construction of the statistical ensemble (long time analysis for NLS) 
Let us set for integers i > 1, N > 1 and a £ [s, l/2[, 

Next, for an integer i > 1 and a G [s, l/2[, we set 

Sj, ^ {n G H^,,ie) : 3iVfc ^ oo,iV, G N, 3un, G Sjv,,., - n ini/;;,(G)}. 
We have the following statement. 

Lemma 8.1. The set SJ^ is a closed set in H^^^{Q) (in particular p measurable). 
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Proof. Let {um)meN be a sequence of SJ^ which converges to u in H"^^{<d). Our goal is to 
show that u e S^. Since Um £ there exist a sequence of integers iVm,fe — > oo as /c ^ oo 
and a sequence (uat^ k)ken of S)^^ ^ ^ such that 

(8.1) hm UN^^ =Um in F'^(G) . 

For every j G N, we can find ra^ G N such that 

1 

Then, thanks to (jS.ip (with m = mj), for every j G N, we can find Nmj,kj £ N and 
""^^^.fe, e ^7V„^,,^.,<x such that 

Therefore, if we set Vj = un^. and Mj = Nm.^kj then Mj ^ oo as j ^ oo, Vj £ ^ 
and ^ n as j ^ cxd in H"^^{Q). Consequently u G S^. This completes the proof of 



Lemma l8.ll □ 
We have the inclusion 



oo oo 



hmsupS^,,^ fl U ^N^a^K- 



N=lNi=N 

Indeed, if u G limsup^_^oo ^% a then there exists a sequence of integers (A^fe) tending to 
infinity as A; — > oo such that u G SJy ^, i.e. S]\f,,{u) G S)^ g.. Thus u G SJ^ since SN^iu) 
tends to u in H^.^^{Q). Therefore 

(8.2) /5(S;) >p(limsupEV,J. 
Let us next show that 

(8.3) p(limsupS5v,cr) > limsup/)(S)^ ,^) . 
Indeed, if we set An = ^ and = H^,^^{Q)\A]\[ then 



^.4) limsnp p{An) = limsup /^(//^^^(e)) - p{Bn)] = piK^Q)) - \\ni\ni p{Bn) ■ 



Using Fatou's lemma, we can obtain 

— liminf pf^Af) < —p\ liminfi?Af )■ 
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where 

oo oo 

limmf Bn =\ \ n Bn, 

Af— >oo ^-^ ' ' 

N=lNi=N 



Therefore, coming back to (j8.4p . we get 

Umsupp(ylAr) < p( H^^^{@)\lim.m{ Bn) = p( HmsupvlAr 

Therefore (j8.3p holds. Since 

p(S5v,J = / fiu)dpiu) 

and 



PNi^N,a) = / fN{u)dHN{u) = fN{u)dp.{u) 

thanks to Lemma 13.71 we get 

1\ — >OC> 

Thus, using Proposition 17.11 and Theorem [2l we obtain 

(8.5) hmsup/9(SV,,) = hmsup/5;v(S5v,J > hmsup -2'^) = p{H^^^{e)) -2-\ 

N^oo N^oo N~-*oo 

Collecting ([82]), and ([83]), we arrive at 

p{K)>p{H^adm-^-'- 

Now, we set 

i>l 

Thus S(j is of full p measure. It turns out that one has global existence for uq G SJ^. 

Proposition 8.2. Let us fix a £ [s, l/2[, ai £] max(l/3, 1 — 2/a), o"[ and i G N. Then for 
every uq G S^, the local solution u of 116. S^) given by Proposition 1 6. 3\ is globally defined. In 
addition there exists C > such that for every uq £ T,^^, 

(8.6) ||n(t)||^.i(e) <C(i + log(l + |t|))K 

Moreover, «/ (no,fe)fcGN; UQ^k G 5^^^^, Nk ^ oo converges to uq as k ^ oo in H^adi®) then 

(8.7) lim \\u{t) - «>jv,(t)(no,fe)||H-i(e) =0. 

ft— »oo 
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Proof. Let uq E and (no,fc) uq^^ G SJ^^ , ^ oo a sequence tending to uq in H"^^{<d). 
Let us fix T > 0. Our aim so to extend the solution of (|6.2|) given by Proposition 16.31 to 
the interval [— T, T]. Using Proposition I7.H we have that there exists a constant C such 
that for every /c G N, every t G M, 



(8.8) \\^N,{t){uo,k)\\H^i^e) < C{i + log(l + \t\))-^ . 

Therefore, if we set UNf,it) = ^Nkit)iuQ^k) and A = C(i + log(l + T))2 , we have the bound 

(8.9) \\uN^{t)\\H-^ < A, V|t|<r, VfcGN. 

In particular ||iio||_f/'^ < A (apply (j8.9p with t = and let k — > oo). Let r > be the local 
existence time for (|6.2p . provided by Proposition 16.31 for ai, a and A = A + 1. Recall that 
we can assume r = c(2 + A)~^ for some c > 0, /? > depending only on a and o"i. We 
can of course assume that T > t. Denote by u{t) the solution of (|6.2p with data uq on the 
time interval [— r, r]. Then vn,, = u — ujy^. solves the equation 

(8.10) {idt + ^)vNk = Fi.u) - SNk{F{uN^,)), VNjt=o = uo - uo,k ■ 
Next, we write 

F{u) - SNdFM) = Sn,{F{u) - F{uN,)) + (1 - Sn,)F{u). 

Therefore 

- i f e'^'-^^'^SNAFHr)) - F{uN,{T)))dT - i f e'^'~^^^{l - SN,)F{u{T))dT . 
Jo Jo 

Let us observe that for ai < a the map 1 — Sn sends H^^^{Q) to H^adi^) with norm 

< CN^^~'^. Similarly, for / C M an interval, the map 1 - Sn sends X^Td(^ ^ ®) ^ 
-^radi^ X G) with norm < CN"'^^'^ . Moreover Sn acts as a bounded operator (with norm 

< 1) on the Bourgain spaces X"'^^. Therefore, using Proposition 16. 2^ we obtain that there 
exist C > 0, 6 > 1/2 and > (depending only on o", cti) such that one has the bound 



lx;^i/([-r,r]x0) - '^(ll^O-^^0,fc|U-i(e) 



I V\\ II /l I II \\OL-\ I II MOl 

" ''^''"^.ad (hr,r]xe)V II llx;i/([-r,r]x0) ' "^^l/d-r.r] > 

+r»Arr-l.||,,.„.„,,e,(l + ll"li;V.„_,,,,„ 
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where ai = max(2,a). A use of Proposition 16.31 and Proposition 16.41 yields 

\\vNj^2;l'{[^T,r]xe) - C\\uo-uo,k\\H-iie) 

+C7r^ 1 1 VN^: 1 1 ^2^b ( [_^^^] X 0) ( 1 + C 1 1 no 1 1 ^^.1 (e) + <^ 1 1 ^o.fc 1 1 £r'-i (e) ) 
+CT'Np-'^\\uo\\H^^e)a + C||no||^V,(e)) 

< C\\uo - uo^kWH-iiB) + Cr^il + A)'^^\\vNj^2;^b^[-T,T]xe) 

+CT\l + ArN^^-^\\uo\\H^(^e)- 

Recall that r = c(2 + A)~'^, where c > and /3 > are depending only on a and di. 
In the last estimate the constants C and 9 also depend only on o"i and a. Therefore, if 
we assume that [5 > ai/9 then the restriction on (3 remains to depend only on ai and a. 
Similarly, if we assume that c is so small that 

Ct\i + A)"i < Cc%2 + A)-^^(l + A)"i < Cc^ < 1/2 

then the smallness restriction on c remains to depend only on ui and cr. Therefore, we 
have that after possibly slightly modifying the values of c and f3 (keeping c and f3 only 
depending on a and ai and independent of Nj.) in the definition of r that 

ll^'A^JIx;i'''([-r,T]xe) - <^ll^o - wo,fc||H-i(e) + 2^r"''ll^o||H-(e) 

= C||i;;v,(0)||^^.,(e) + ^ivr"ni^(0)lli/ne) • 
Since b > 1/2, the last inequality implies 

(8.11) WvnMIh^HB) < C\\vN,m\H^He) + CNp~''\\um\H^{0), \t\ < r = c(l+A)-^ , 
where the constants c, C and /? depend only ai and a. Therefore, using that 



lim \\vNk{0)\\H-i(e) = 0, 



we obtain that 



(8.12) lim \\vN,{t)\\H'^iie)=0, \t\<T. 

Thus by taking large enough in (jS.lip one has via a use of the triangle inequality, 

(8.13) ||u(t)||/^<Ti(e) < \\uN^,{t)\\H'^^e) + ||vArJt)||^<.i(e) < A + 1, |t| < r. 
Let us define the function gi^ (t) by 

9kit) = WvnMIh^HS) + A^r~ni^Wlk-(e) • 



46 N. TZVETKOV 

The function gkit) is a priori defined only on [— r, r]. Our goal is to extend it on [— T, T]. 
Using (|8.1ip and the bound 

\W{t)\\H'^{e) < C\W{0)\\H'^{e), \t\ < T, 

provided from Proposition 16. 3^ we obtain that there exists a constant C{a,ai) depending 
only on ai and a such that 

9k{t) <C{a,ai)gk{0), ViG[-r,r]. 

We now repeat the argument for obtaining ()8.1ip on [r, 2t] and thanks to the bounds ()8.9p 
and (I8.13p . we obtain that WArj.(t) and u exist on [r, 2r] and one has the bound 

WmMlH-He) < C\\vN,{^)\\H'^ii0) + CNp~''\\uiT)\\H^^e), [r,2r]. 
Therefore, thanks to ()8.12p (with t = t) 

lim \\vNkit)\\H''i(e) = 0, T<t<2T. 

By taking ^ 1, we get via a use of the triangle inequality 

11^-1(0) < hiVfcW 11^-1(6) + \\vNk{t)\\H-i(e) < A + 1, r < t < 2t. 
Using ()8.1ip and the bound 

\\u{t)\\H'^^Q) < C\\u{T)\\H<r(e), T<t<2T, 

provided from Proposition 16.31 we obtain that 

9k{t) <C{a,ai)gk(T), VtG[r,2r]. 

Then, we can continue by covering the interval [— T, T] with intervals of size r, which 
yields the existence of u{t) on [— T, T] (the point is that at each step the H'^ norm of u 
remains bounded by A + 1 and the limit as — > cxd of the H'^ norm of vn^, is zero). Since 
T > was chosen arbitrary, we obtain that for every uq G the local solution of (16. 2p is 
globally defined. Moreover 

Ik(t)lk<^i(e) < A + 1, |t|<r 

which by recalling the definition of A implies the bound (j8.6p . In addition, by iterating 
the bounds on we get at each step, we obtain the existence of a constant C depending 
only on a and ai such that 

gkit) < e^(^+l*l)5fc(0) 

which implies that there exists a constant C depending only on ai and a such that v^^, 
enjoys the bound 

\\vNki^)\\H''i(e) < C'^+^(iVfc'"'^||no||j/<T(e) + ||no - ^^o,fc||H-i(e)), 1*1 < T. 
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Therefore for every e > there exists A^* such that for > N* one has the inequahty 

sup \\u{t) - ^>Arfe(t)(no,fc)||/f-i(0) < e. 

\t\<T 

Hence we have ()8.7p . This completes the proof of Proposition 18.21 □ 

By the Proposition 18.21 we can define a flow <I> acting on So-, a G [s, l/2[ and defining 
the global dynamics of (j6.2p for uq £ T,„. Let us now turn to the construction of a set 
invariant under Let / = (Zj)jgN be a increasing sequence of real numbers such that 
Iq = s, Ij < 1/2 and limj^oo = 1/2. Then, we set 

S = fl So . 

crG/ 

The set S is of full p measure. It is the one involved in the statement of Theorem [3l Using 
the invariance property of S^^, we now obtain that the set S is invariant under 

Proposition 8.3. For every t G M, <I>(t)(S) = S. In addition for every a £ I, <l>(t) is 
continuous with respect to the induced by H!^^^(Q) on S topology. In particular, the map 
: E — > S is a measurable map with respect to p. 

Proof. Since the flow is time reversible, it suffices to show that 

(8.14) $(t)(S)cS, VtGM. 

Indeed, if we suppose that ()8.14p holds true then for u £ T, and t G R, we have that thanks 
to ()8.14p uq = ^{—t)u G S (recall that $ is well-defined on S by Proposition 18.21) and 
thus u = ^{t)uo, i.e. E C $(i)(S). Hence $(t)(S) = S is a consequence of (18.14j) . 

Let us now prove (|8.14p . Fix uq G T, and t G M. It suffices to show that for every ai £ I, 
we have 

<^{t){uo) G . 

Let us take a G]fTi,l/2[, a £ I. Since uq G S, we have that uq G So-. Therefore there 
exists i such that uq G SJ^. Let no,fe G S^^ ^, ./Vfc — > oo be a sequence which tends to uq in 
H"{Q). Thanks to Proposition 17.11 there exists ii such that 

^iV,(t)(no,fc)GSi+;;^^, VA:GN. 

Therefore using (j8.7p of Proposition 18.21 we obtain that 

$(t)(no) G S;f ^ 

Thus $(t)(uo) G Soi which proves (ISTH) . 

Let us finally prove the continuity of $(t) on S with respect to the H^adi®) topology. 
Let n G S and m„ G S be a sequence such that — > u in H^adi®)- need to prove that 
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for every t G M, <^{t){un) ^{t){u) in H^^^{Q). Let us fix t G M. Since u G S (and thus 
in all So-, cr G using Proposition 18.21 we obtain that there exists C > such that 

(8.15) sup ||$(T)(n)|U^(e) < C(log(2 + \t\))\ = A. 

\r\<\t\ 

Let us denote by tq the local existence time in Proposition 16.31 associated to a and 
A = 2A. Then, by the continuity of the flow given by Proposition l6.3l we have <I>(ro)(ttn) 
^{tq){u) in H^^^{Q). Next, we cover the interval [0,t] by intervals of size tq and we apply 
the continuity of the flow established in Proposition 16.31 at each step. The applicability 
of Proposition 16.31 is possible thanks to the bound (I8.15p . Therefore, we obtain that 
^{t)iun) ^{t){u) in H"^^{Q). This completes the proof of Proposition EH □ 

9. Proof of the measure invariance 

Fix a g]s, 1/2[, a € I. Thanks to the invariance by $ of the set S, using the regularity 
of the measure fi (which is a finite Borel measure) and Remark 13.101 we deduce that it 
suffices to prove the measure invariance for subsets K oiT, which are compacts of H^^^{Q) 
and which are bounded in H"^^{Q). Let us fix t G M and a compact K of H^^^{Q) which 
is a bounded set in H^^^{Q). Our aim is to show that p{^{t){K)) = p{K). By the time 
reversibility of the flow, we may suppose that t > 0. Since K is bounded in H^^^{Q) and 
a compact in H^^^{@), using the continuity property displayed by Proposition 18.31 and 
Proposition 16.31 we infer that there exists R > such that 

(9.1) {Hr){K), 0<T<t}c{ue H^,d{e) : Mn^f^e) <R}^Bn. 

Indeed, the left hand-side of (19. ip is included in a sufficiently large H^^^{Q) ball thanks to 
the continuity property of the flow on H^^^{Q) shown in Proposition 18.31 and the compact- 
ness of K. Then, by iterating the propagation of regularity statement of Proposition 16.31 
applied with A such that the H^^^{Q) ball centered at the origin of radius A contains 
the left hand-side of (|9.ip . we arrive at (|9.ip (observe that we only have the poor bound 
R ~ e^*). 

Let c and /3 (depending only on s and a) be fixed by an application of Proposition 16.31 
with s = o"! and £7 = 0". Next, we set 

TO = Co(l+i?)-^°, 

where < cq < c, Pq > P, depending only on s and a, are to be fixed in the next lemma 
which allows to compare $ and $Ar for data in Bji. 

Lemma 9.1. There exist cq and Pq depending only on s and a such that for every e > 
there exists Nq > 1 such that for every N > Nq, every uq G Bfi, every r G [0,ro], 

\Mt){uo) - $iv(T)(S^(no))||H-(e) < e • 
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Proof. For uq £ Bji, we denote by u the solution of ()6.2p with data uq and by ujy the 
solution of (|7.ip with data SnIuq), defined on [0, tq]. Next, we set vn = u — un- Then 
vn solves 

(9.2) iidt + A)vN = Fiu)-SN{F{uN)), ^;jv(0) = (1 - 5^)no . 

By writing 

F{u) - Sn{F{un)) = Sn{F{u) - F{un)) + (1 - Sn)F{u) 

and using Proposition 16.2^ we obtain that there exists 6 > 1/2 and 6 > depending only 
on s and a such that one has 

Il^^llx;;',([o,ro]x0) ^ CN''''\\uo\\H-(^e) 

I r~( d\\ II /"iill i|max(2,a) . n ||max(2,o) \ 

+Cro||.^||^..(p_^„j,e)(l + ll^llx;;^,([o,.o]xe) + ll^^llx-^,([o,.o]xe)) 

" " "^™d([0'^o]xe)V II iix;;''^([o,To]x0)^ 
Using Proposition 16.31 and Proposition 16.41 we get 

ll^^llx;;''^([o,ro]xe) ^ CN'-^WuoWH^f^B) 

I On II /I I r^W i|max{2,a)x 

+<^^olP^llx;;'',{[o,ro]xe)(l + '^II^oIIh-(0) ) 

\ r<^S ]\TS-a\\„, II /I I ^|i, ||max(2,o)x 

+Croiv ||-uo||H-(e)(l + <--lFo||j:^s(e) J- 

Coming back to the definition of tq we can choose cq small enough and Pq large enough, 
but keeping their dependence only on s and a, to infer that 



l^^llx;;'',([O,ro]x0) ^ "WuoWH-ie)- 



Since 6 > 1/2, by the Sobolev embedding, the space X^^^([0,ro] x G) is continuously 
embedded in L°°{[0,tq]; H^^^{@)) and thus there exists C depending only on s, a such 
that 

\\vNmH^He)<CRN'~'', tG[0,To]. 
This completes the proof of Lemma 19.11 □ 

It suffices to prove that 
(9.3) p{'^{t){K)) = piK), TG[0,To]. 

Indeed, it suffices to cover [0, t] by intervals of size tq and apply (j9.3p at each step. Such 
an iteration is possible since by the continuity property of $(t) at each step the image 
remains a compact of H^^^iQ) included in the ball Br. Let us now prove (|9.3p . Let be 
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the open ball in H^^^{@) centered at the origin and of radius e. We have that ^{t){K) is 
a closed set of H^^^{Q) contained in S. Therefore, by Theorem O we can write 



pi^T) {K) + B2e]> lim sup PM ($(t) {K) + B2e) nEN), 

where i?2£ is the closed ball in H^^^{Q), centered at the origin and of radius 2e. Using 
Lemma l9.H we obtain that for every e > 0, if we take large enough, we have 

($^(r)(57v + Be) HEnC {^{T)iK) +Bie) n En 

and therefore 



limsupp^ ($(r)(K) +52e) n^^ > limsuppTv {'^N{r){SN{K)) + B^) D En ) ■ 

Next, using the Lipschitz continuity of the flow ^n (see Proposition I6.4p . we obtain that 
there exists c g]0, 1[, independent of e such that for N large enough, we have 

$Jv(r)((i^ + See)n^iv) C ($^(T)(5ivW)+5.)n^iV, 

where Bee is the open ball in H^.^^{Q) centered at the origin and of radius ce. Therefore 

llmsup pN(i'^NiT)iSNiK)) + Be) n En) > limsup pN hNir){{K + B^e) n En 
Further, using the invariance oi pN under <I>jv, we obtain that 

PN (^7v(r) {{K + B,e) nEN))= PN [{K + B,e) n En ] 

and thus 

lim sup PN ('^n{t){{K + Bee) D En)) > hm inf pN ({K + B^e) n En) ■ 

N^oo ^ ' N^oo \ J 

Finally, invoking once again Theorem [51 we can write 



lim inf pn\(K^ Bee) r\EN]>p{K + B^) > p{K). 

Therefore, we have the inequality 

p(^^{T)iK)+B^)>p{K). 

By letting e ^ 0, thanks to the dominated convergence, we obtain that 

pmr)iK)) > p{K). 

By the time reversibility of the flow we get p{^{t){K)) = p{K) and thus the measure 
invariance. 



This completes the proof of Theorem [3l 



□ 
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10. Concerning the three dimensional case 



10.1. General discussion. The extension of the result to the 3d case is an interesting 
problem. In this case one can still prove the measure existence. The Cauchy problem issue 
is much more challenging. Despite the fact that the Cauchy problem for H'^ , a < 1/2 data 
is ill-posed, in the sense of failure of continuity of the flow map (see the work of Christ- 
Colliander-Tao |7], or the appendix of [5j), we may hope that estimates on Wiener chaos 
can help us to resolve globally (with uniqueness) the Cauchy problem a.s. on a suitable 
statistical ensemble S (which is included in the intersection of H'^ , a < 1/2 and misses 
^1/2 j_ This would be an example showing the possibility to get strong solutions of a 
dispersive equation, a.s. with respect to a measure, beyond the Hadamard well-posedness 
threshold. In this section, we prove an estimate which shows that one has a control on 
the second Picard iteration, in all H'^ , a < 1/2, a.s. with respect to the measure. We will 
consider zonal solutions of the cubic defocusing NLS on the sphere S^. The analysis of 
this model has a lot of similarities with the analysis on the ball of (which is the three 
dimensional analogue of (jl.ip ). There are however some simplifications because of the 
absence of boundary on and a nice formula for the products of zonal eigenfunctions. In 
this section, we will benefit from some computations of the unpublished manuscript [6]. 

10.2. Zonal functions on S''^. Let 5^ be the unit sphere in R^. If we consider functions on 
depending only on the geodesic distance to the north pole, we obtain the zonal functions 

on S^. The zonal functions can be expressed in terms of zonal spherical harmonics which 
in their turn can be expressed in terms the classical Jacobi polynomials. Let 9 £ [0, tt] 
be a local parameter measuring the geodesic distance to the north pole of S^. Define the 
space Lf,^^{S^) to be equipped with the following norm 



where / is a zonal function on and {sm9)'^d6 is the surface measure on S^. One can 
define similarly other functional spaces of zonal functions, for example L^^d^'^^)^ ^rad(^^) 
etc. The Laplace-Beltrami operator on L^(5^) can be restricted to L'^adi^^) ^^'^ ™ 
coordinate 6 it reads 




2 d 



since using the parametrization of in terms of 9 and S^, one can write. 



d'^ 2 d 1 
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It follows from the Sturm-Liouville theory (see also e.g. pjj) that an orthonormal basis 
of L^adi^^) build by the functions 

„ 12 sin nO 

Pn{0) = \ - e£[0,7T], n>l, 

V IT smd 

where 9 connotes the geodesic distance to the north pole of S^. The functions P„ are 
eigenfunctions of — A53 with corresponding eigenvalue A„ = — 1. We next define the 
function 7 : — > M by 



P P 



Then clearly 



PniPniPn-i = U^, n2, Us) Pn 

n=l 

and thus the behaviour of 7 would be of importance when analysing cubic expressions on 
S^. In the next lemma we give a bound for 7(n, ni, n2, ns). 

Lemma 10.1. One has the bound < j(n,ni,n2,n3) < (2/7r) min(n, ni, n2, ns). 

Proof. Using the explicit formula for P„ and some trigonometric considerations, we obtain 
the relation 

— min(A;,Z) 



(10.1) ^>'^' = yn ^ P\k-i\+2j-i, k>l,l>l. 

By symmetry we can suppose that ni > n2 > ?^3 > n. Then due to (jlO.ip we obtain 
that PnPna can be expressed as a sum of n terms while the sum corresponding to Pn^Pn2 
contains n2 terms. Since for k 7^ I one has PkPi = 0, we obtain that the contribution to 
7(n, ni, n2, 71.3) of any of the term of the sum for PnPns is not more than 2/7r and therefore 
7(77., ni, 712, 71.3) < {2/11)71. This completes the proof of Lemma llO.ll □ 

We shall also make use of the following property of 7(71, ni, 77,2, 773). 

Lemma 10.2. Let n > ni -\- n2 + n^. Then j{n, tii, 712, 713) = 0. 

Proof. One needs simply to observe that in the spectral decomposition of Pn^Pn2Pni there 
are only spherical harmonics of degree < 7x1+712+713 and therefore Pn^Pn2Pnz is orthogonal 
to Pn. This completes the proof of Lemma 110.21 □ 

Remark 10.3. Let us observe that (7r/2)7(7i, rii, 7i2, 713) G Z. This fact is however not of 
importance for the sequel. 
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10.3. The cubic defocusing NLS on S"^. Consider the cubic defocusing nonhnear 
Schrodinger equation, posed on S^, 

(10.2) {idt + As3)u - \u\^u = 0, 

where n : M x S*^ — > C. By the variable change u — > e**n, we can reduce (110. 2p to 

(10.3) iidt + As3-l)u-\u\'^u = 0. 

We wiU perform our analysis to the equation (jl0.3p . The Hamiltonian associated to (jl0.3p 
is 

H{u,u) = [ \Vuf+ [ \uf + l [ 



where V denotes the riemannian gradient on S^. We will study zonal solutions of (|10.3p . 
i.e. solutions such that u{t,-) is a zonal function on S"^. Let us fix s < 1/2. The free 
measure, denoted by iJ., associated to (110. 3p is the distribution of the H^^^{S^) random 
variable 

n 

n=l 

where Qni^) is a sequence of centered, normalised, independent identically distributed 
(i.i.d.) complex Gaussian random variables, defined in a probability space {^l,J^,p). Using 
Lemma llO.H we obtain that 

- 

and therefore using Lemma 12.11 as in the proof of Theorem [H we get 

^ C °° 

n=l n=l 

Hence the image measure on H^^^{S^) under the map 

5n(w) 



of 



n 

n=l 



exp ( - ^||v'(w, •)lli4(s3))fip(w) 

is a nontrivial measure which could be expected to be invariant under a flow of (|10.3p . 
For that purpose one should deflne global dynamics of (jl0.3p on a set of full // measure, 
i.e. solutions of (|10.3p with data '^{u, 0) for typical w's. Using for instance the Fernique 
integrability theorem one has that ||v?(w, ■)\\^i/2^^gz'^ = 00 fj, a.s. Thus one needs to estab- 
lish a well-define (and stable in a suitable sense) dynamics for data of Sobolev regularity 
< 1/2. There is a major problem if one tries to solve this problem for individual lj's since 
the result of [7j (see also the appendix of [5]) shows that (|10.3p is in fact ill-posed for 
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data of Sobolev regularity < 1/2 and the data giving the counterexample can be chosen 
to be a zonal function since the analysis uses only point concentrations. Therefore, it 
is possible that solving (110. 3p with data ^p{lu,6), for typical w's, would require a proba- 
bilistic argument in the spirit of the definition of the stochastic integration. Below, we 
present an estimate which gives a control on the second Picard iteration with data ^p{uj, 9). 

Let us consider the integral equation (Duhamel form) corresponding to (jlO.Sp with data 

(10.4) u{t) = S{t){ip{LO, •)) - i f S{t - T){\u{T)\Mr))dT, 

Jo 

where S{t) = exp(it(A53 — 1)) is the unitary group generated by the free evolution. The 
operator S{t) acts as an isometry on i7^(5'^) which can be easily seen by expressing S{t) 
in terms of the spectral decomposition. One can show (see [5]) that for s > 1/2, the 
Picard iteration applied in the context of (jl0.4p converges, if we replace ip{uj,-) in (jl0.4p 
by data in uq G H^{S^), in the Bourgain spaces X*'''([— T, T] x S^), where b > 1/2 is close 
to 1/2, T ~ (1 + ||tio||_ff^(53))~^ (for some /? > depending on b and s). For the definition 
the Bourgain spaces X^^'>{[-T,T] X S^) associated to Aga, we refer to [;5j (see also (fTOSD 
below). The modification for A53 — 1 is then direct. Let us set (the first Picard iteration) 

00 , s 

u,{u;,t,9) ^ S{t){^{u;,-)) = V ^^P^{9)e-''^' . 

^-^ n 

n=l 

The random variable u\ represents the free evolution. Notice that again 

•)IIhi/2(s3) = 00, a.s. 

but for every a < 1/2, 

\\ui{c^,t, ■)\\h''{s^) < a.s. 
Let us consider the second Picard iteration 

U2{uJ,t,9) = S{t){Lp{uj,-)) - i / S{t - T){\ui{uJ,T)\'^Ui{uJ,T))dT . 

Jo 

Set 

V2{uJ,t,9)= / S{t - T){\ui{uJ,T)\'^Ui{uJ,T))dT . 

Jo 

Thanks to the "dispersive effect", V2 is again a.s. in all H^{S'^) for a < 1/2. 
Proposition 10.4. Let us fix a < 1/2. Then for b > 1/2 close to 1/2 and every T > 0, 

||t>2(w,t,6')||i2(Q.x<T,i>([-r,rixS'3)) < 
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In particular 

||l'2('^,i,6')||L2(n;L°°([-T,T];H'^{S3))) < 0° 

and thus \\v2{^^, ■r)\\L°°{[-T,T];H'^{s^)) is a.s. finite which implies that the second Picard 
iteration for {10-4^ is a.s. in . 

Remark 10.5. Using estimates on the third order Wiener chaos, we might show that 
higher moments and Orlitch norms with respect to uj are finite. 

Proof of Proposition \10.4\ Let ip £ C^(M;M) be a bump function localizing in [—T,T]. 
Let ipi £ C^(M;]R) be a bump function which equals one on the support of ^p. Set 

wi{t) = Mt)Mt)- 
Then using [8], for 6 > 1/2 (close to 1/2), 

\\v2ii^,-)\\x'^-''([-T,T]xS^) ^ IIV'^2('^, •)|lx^>''(Rx53) 

Set 

w{uj,t,6) = \wi{uj,t,9)\'^wi{uj,t,6). 
We need to show that the L'^{Q) of ||it;(a;, •)llx<''''-i(MxS'3) is finite. If 



w{iv,t,e) = ^c(u;,n,t)P„(0) 
n=l 

then we have 

(10.5) ll«^(^,-)||^.,.-i(Mx53) = E / {r + nY'-'^n'^\c{u;,n,T)\'dT, 

where c{uj,n,T) denotes the Fourier transform with respect to t of c{uj,n,t). Let us next 
compute c{LU,n,t). This will of course make appeal to the function 7 introduced in the 
previous section. We have that 



and therefore 



c(u;,n,t) = V'?(0 V 7(n, , n^, ng) ^^^^"^ ^^^^"^ e-*(»i-i+-i) . 



(ni,n2,n3)GN'^ 
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/,3 



If we denote ■02 = V'l then 



c{uj,n,T)= } 7(n,rei,n2,n3) ^2(1" + - ^2 + ngj . 

Let us observe that thanks to the independence of i^gn)n&\ we have that there are essentially 
two different situations when the expression 



(10.6) / gnA^)gn.2{^)gni{^)9raA^)grn2{^)9Tai{^)dv{i^) 

Jn 

is different from zero. Namely 

• m = mi, 112 = 1712, ns = 777-3, 

• 771 = n2, 773 = 7771, 1712 = "73. 

Indeed, the complex gaussians Qn satisfy 



gniuj)dp{u;) = / gl{uj)dp{uj) = / g^{uj)dp{uj) = / |5„(cj)pc/„(cj)dp(u;) = 



and thus in order to have a nonzero contribution of ()10.6p each gaussian without a bar in 
the integral (|10.6p should be coupled with another gaussian having a bar and the same 
index. 

Therefore coming back to (|10.5p . we get 

|2 



where 

(10.7) II = > / , ^ ^ \2 h/'2 (t + 771 - 772 + 773) dr, 

with /? = 2(1 - 6) and 

nnfi\ r ^ 7('^,ni,77i,772)7(?^,n2, 773, 773) 2/ , 2N, 

(10.8) 12= > / ^ ^ 7 TT ^ V'2 (r + Tiajar. 

, -00 {t + n^)^ (ni77i772) (772773773) ' ^ 

Notice that /3 < 1 is close to 1 when b > 1/2 is close to 1/2. Thus our goal is to show 
the convergence of (jl0.7p and (jlO.Sp . For that purpose we make appeal to the following 
lemma. 

Lemma 10.6. For every a g]0, l/2[ there exist /3 < 1 and C > such that for every 

00 2tT 
n=l 
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Proof. Let P <1 be such that 2(3-2a >1, i.e. l/2 + cr</3<l. We prove ^HJM for such 



values of (3. The contribution of the region > \a\ to the left hand-side of (110.9(1 can 
be bounded by 



thanks to the assumption 2/3 — 2(T > 1 and since for > |a| one has — a\ > |n^. 
We next estimate the contribution of the region ^n? < \a\ (if it is not empty) by 



OO ^ 

E 7T-r-2 — ^ 

^ (1 + — a r 



(l + |n2-a|)'3 

This completes the proof of Lemma 110.61 □ 

Let us now show the convergence of (|10.7p . Using the rapid decay of |?/'2p, we can 
eliminate the r integration and arrive at 

fin 10^ (fTTTTIxr V n2V(n,ni,n2,n3) 

(lU.lOj UiUPSC 2^ n , |„2_„2 , „2_„2|N/3/„^„^„ ^2 ■ 

Using Lemma 110.11 ans Lemma 110. 6( we obtain that with a suitable choice of /? < 1 one 
has 

(1 + \nl -nl + n||)'^(min(ni,n2,n3))2 



(fToTD < C7 ^ 



^ ^^R^3 (^^l?^2n3)2 

^ ^ ^ (max(ni, n2, ra3))2'^(min(ni, 77-2, ns))^ 



^ (nin2n3)2 

n3<n2<ni W ^ ^7 1 

Let us next analyse (110. 80 . Using the rapid decay of |V'2p) we can eliminate the r inte- 
gration and arrive at 

^ (l-F|n|-n2|)/3 (ninin2)(n2n3n3) 

(n,ni,n2,n3)GN* 

Using Lemma 110.11 ans Lemma 110. 6| we obtain that with a suitable choice of /? < 1 one 
has 

(lYU-^ < ^ nj^ min(ni, n2) min(n3, 712) 

(ni,n2,n3)GN'^ 
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Let us fix e > such that a + e < 1/2. Therefore, we can write 



This completes the proof of Proposition 110. 4[ 




< oo . 



□ 
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